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(1)  It  is  shown  that  current  theories  of  electron-avalanche  breakdown  suffer  such 
difficulties  us:  Theoretical  values  of  the  ionization  frequencies  are  too  small,  by  tens 
of  orders  of  magnitude  in  some  cases,  to  explain  experimental  damage  results  even 
when  the  large  conduction-electron  densities  below  are  assumed.  The  explanation  for 
the  dis  agreement  of  the  experimental  frequency  dependence  of  the  breakdown  electric 
field  2g  with  the  predicted  dependence  Eg  ~ ( 1 + (Jt  j'L  ) 3/2  as  an  anomalously  small 
vab  e of  the  electron  relaxation  time  T is  inconsistent  with  the  value  of  T required  to 
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explain  the  magnitude  of  Eg,  with  the  calculated  value  of  t,  and  with  experiments.  The 
temperature  dependence  of  Eg  is  incorrect.  Assumed  electron  densities  of  lQ^-lO1^ 
cm"3  required  to  initiate  the  avalanche  conflict  with  photoconductivity  measurements, 
and  electronic -conductivity  estimates  give  < 10"^  probability  of  avalanche  initiation. 

The  theories  are  not  predictive.  These  serious  difficulties  are  removed  by  a theory  in 
which  starting  electrons  are  generated  by  thermal  and  tunnel  emission  from  the  cathode 
(in  do  experiments)  and  from  imperfections,  field- induced  emission  from  imperfections, 
including  multiphoton  ionization,  and  multiphoton  excitation  from  the  valence  bend. 
Mechanisms  for  initiating  and  sustaining  the  avalanche  include  the  Holstein  photon- 
electron-phonon  interaction,  inter-conduction-band  transitions,  and  at  dc,  Seitz  lucky- 
electron  excitation  over  a barrier  plus  a self-sustaining  mechanism.  Preliminary  re- 
sults. with  no  adjusted  parameters  agree  well  with  pulse-length  and  frequency  experi- 
ments. (2)  Calculated  failure  intensities  for  vuv  xenon-laser  window  materials  are 
60  MW/cnr  (impurity)  to  0. 14  GW/cm^  (intrinsic)  for  electron-plasma  defocusing, 

0.74  GW/cm^  for  fracture,  1.6  GW/cm^  for  melting,  and  2 GW/cm*  (or  0. 15  GW/crrr  ) 
for  preself-focusing  (i.e. , nonlinear  refractive  index  n2  ) with  a normal  resonance  en- 
hancement (or  anomalously  large  enhancement  for  special  conditions).  Joule  heating  by 
the  generated  conduction  electrons,  which  is  greater  than  the  direct  heating  by  the  ab- 
sorption process,  and  electron- avalanche  multiplication  of  the  conduction  el<  ctrons  werej 
included.  Electron-plasma-induced  optica'  distortion  is  greater  than  thermally  induced 
optical  distortion.  Two  heating  processes  evolving  F centers  are  shown  to  be  poten- 
tially important  at  other  frequencies,  in  the  n2  optical  distortion,  which  occurs  at 
powers  below  the  threshold  for  self  focusing  beam  collapse,  the  enhancement  results 
from  the  resonances  in  the  electronic  oscillators.  (3)  A scheme  of  obtaining  a set  of 
tight-binding  electronic  wave  functions  is  presented  and  applied  to  the  problems  of  cal- 
culating the  large  corrections  to  the  Hartree-Fock  band  structure  of  alkali  halides  and 
of  calculating  the  surface  electronic  states  in  the  gap.  (4)  . t the  measured  impurity 
absorption  (0. 15  cm"1 ),  electron-plasma  defocusing  can  possibly  give  rise  to  the  low- 
est failure  threshold  (60  MW/cm^  ) calculated  to  date.  Excitation  of  valence  electrons 
into  gap  states  associated  with  dislocations  is  shown  to  be  a candidate  impurity-absorp- 
tion mechanise.  (5)  An  experimental  infrared  absorption  peak  at  the  fum  of  three 
optical-phonon  frequencies  in  several  alkali  halides  is  explained  by  a theory  that  also 
simplifies  reliable  multiphonon  absorption  calculations.  (6)  Well  known  difficulties  with 
commutation  relations  and  noise  sou  tees  in  damped  quantum  systems  are  resolved  for 
the  case  of  enhanced  stimulated  Raman  scattering. 
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PREFACE 


This  Fifth  Technical  Report  describes  the  work  performed  on  Contract 
Number  DAHC15-73-C-0127  on  Theoretical  Studies  of  High-Power  Ultraviolet 
and  Infrared  Window  Materials  during  the  period  from  December  6,  1974 
through  June  30,  1975.  The  work  on  the  current  contract  is  a continuation  of 
that  of  the  previous  Contract  Number  DAHC15-72-C-0129. 

The  following  investigators  contributed  to  this  report: 

Dr.  C.  J.  Duthler,  principal  research  scientist 

Dr.  T.  D.  Holstein,  consultant,  University  of  California,  Los  Angeles 

Dr.  A.  A.  Maradudin,  consultant.  University  of  California,  Irvine,  California 

Dr.  D.  L.  Mills,  consultant.  University  of  California,  Irvine,  California 

Dr.  L.  J.  Sham,  consultant,  University  of  California,  San  Diego,  California 

Dr.  M.  Sparks,  principal  investigator. 

Previously  reported  results  are  not  repeated  in  the  present  report,  with 
the  exception  of  Sec.  H,  Enhanced  Stimulated  Reman  Scattering  and  General 
Three-Boson  Parametric  Instabilities,  which  is  expanded  from  a previous  ver- 
sion to  include  effects  of  damping  and  relaxation  to  thermal  equilibrium,  and 
their  effects  on  the  commutation  relations  in  the  quantum  treatment. 
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Sec.  A 


A.  INTRODUCTION  AND  SUMMARY 

This  report  includes  the  new  results  of  ongoing  theoretical  studies  of 
mechanisms  by  which  dielectric  solids  fail  as  a result  of  the  coupling  to  high- 
intensity  ultraviolet  and  infrared  radiation.  An  investigation  of  electrical  break- 
down in  dielectrics  was  initiated  when  it  was  discovered  that  current  theories 
could  not  afford  estimates  of  tne  values  of  the  breakdown  electric  field  in  the 
ultraviolet  region. 

Defocusing  of  the  optical  beam  by  the  conduction  electrons  generated  in  ab- 
sorption and  avalanche  processes  and  by  the  nonlinear  index  ru  before  strong 
self  focusing  occurs  are  analysed. 

The  lack  of  a satisfactory  understanding  of  the  basic  optical  properties  of 
even  the  alkali  halides  continues  to  introduce  uncertainties  in  a number  of  areas 
under  investigation.  Some  early  results  of  a program  to  obtain  the  needed  infor- 
mation are  described. 

Vestiges  of  the  problems  of  enhanced  stimulated  Raman  scattering  and  infra- 
red rnultiphonon  absorption  are  included  in  the  present  report.  Results  of  these 
studies  are  as  follows: 

Theory  of  Electrical  Breakdown  in  Dielectrics.  Evidence  is  presented  that 
current  theories  of  electron-avalanche  breakdown  in  dielectrics  are  inadequate  to 
explain  existing  data  or  to  be  predictive,  and  a theory  with  encouraging  prelimi- 
nary results  is  presented.  The  motivation  for  the  study  of  electron -avalanche 
breakdown  was  an  attempt  to  predict  the  magnitude  of  the  breakdown  electric  field 
Eg  and  its  temperature  and  frequency  dependence  and  to  predict  whether  the  effect 
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would  be  intrinsic  or  extrinsic,  all  in  the  vacuum  ultraviolet  region.  It  was  found 
that  current  theories  could  not  afford  this  information,  and  that  these  theories 
suffer  from  serious  difficulties. 

At  least  part  of  an  apparent  disagreement  in  the  literature  and  among  inves- 
tigators in  the  field  as  to  how  good  the  current  theories  are,  stems  from  what  is 
expected  of  the  theory.  If  the  goal  of  the  theory  is  to  explain  the  magnitude  of  the 
breakdown  field  Eg  within  an  order  of  magnitude  or  so , then  any  one  of  many 
theories  that  have  been  proposed  will  suffice.  This  is  in  fact  to  be  expected  since 
small  changes  in  the  value  of  the  electric  field  give  rise  to  large  changes  in  the 
values  of  the  physical  quantities  of  interest,  such  as  the  ionization  frequency.  The 
electric  field  E appears  in  an  exponent  in  most  theories,  and  even  a factor-of- 
two  change  in  E can  change  the  probability  for  damage  by  tens  of  oiders  of  mag- 
nitude in  some  cases.  This  situation  is  analogous  to  the  fact  that  the  value  of  the 
temperature  must  be  known  more  accurately  than  within  a factor  of  ten  in  most 
cases,  as  in  thermal  emission  over  a barrier  or  in  the  human  body,  where  a one 
percent  change  is  large  and  a factor  of  two  is  intolerable. 

if,  on  the  other  hand,  the  goal  of  the  theory  is  to  explain  the  magnitude  of 
avalanche  ionization  frequency  In  the  expression  for  the  conduction-electron 
density,  n£  = ncQ  exp  (toct),  to  within  an  order  of  magnitude  at  the  observed 
value  of  Eg  or  to  explain  the  dependence  of  Eg  on  the  laser  frequency  co,  tem- 
perature T,  laser-pulse  duration  t^,  or  material  parameters,  or  to  be  predic- 
tive, then  current  theories  are  inadequate.  The  problem  is  more  serious  than 
simply  an  inability  to  calculate  the  values  of  c0£  or  Eg  to  within  some  required 
accuracy,  as  it  was  found  in  our  early  attempts  to  understand  the  existing 
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experimental  data  that  even  in  being  overly  generous  with  the  values  of  all 
parameters,  current  theories  still  failed.  If  a theory  cannot  explain  the  exper- 
imental results  to  within  the  estimated  errors  of  the  experimental  and  theoreti- 
cal results,  the  theory  will  be  considered  as  unsatisfactory.  A ;..ctor  of  three 
to  ten  difference  in  Eg  simply  is  not  sufficient. 

Specific  difficulties  with  current  theories  of  electron- avalanche  breakdown 
include  the  following:  (1)  Ionization  rates  obtained  from  dc  and  laser  measure- 
ments are  not  explained  by  the  theories.  Even  with  the  large  number  of  initial 
conduction  electrons  discussed  in  (4)  below,  the  theoretical  ionization  rates  are 
too  small,  by  tens  of  orders  of  magnitude  in  some  cases,  to  explain  the  damage 
results.  (2)  The  increase  in  the  value  of  Eg  from  the  first  10. 6jim  laser  exper- 
iment over  the  dc  value  was  attributed  to  the  predicted  frequency  dependence 
2 2 1/2 

Eg  ~ ( 1 + to  T ) , where  T is  the  electron  relaxation  time.  It  was  then  sur- 

prising that  tnere  was  little  additional  increase  in  Eg  first  at  1.06jim,  then  at 
0.694 Jim.  The  explanation  that  no  additional  frequency  dependence  was  observed 
as  a result  of  t having  an  anomalously  small  value  r for  some  unknown  reason 
leaves  the  difference  between  the  dc  and  10.  6 jim  results  unexplained.  What  is 

more  serious,  with  the  value  of  T required  to  explain  the  magnitude  of  Eg,  there 

2 2 1/2 

should  be  a large  frequency  dependence  according  to  the  relation  Eg  ~ (1+  to  T ) 

Finally,  calculated  values  of  T are  two  orders  of  magnitude  greater  than  t . 

s 

(3)  The  temperature  dependence  of  Eg  is  incorrect.  (4)  The  assumed  value 

8 10  "3 

of  the  electron  density  n£  = 10  - 10  cm  required  to  initiate  the  avalanche  is 
unreasonably  large.  Such  high  densities  are  in  conflict  with  results  of  photocon- 
ductivity measurements.  Bounds  on  n£  set  by  estimates  of  the  value  of  the 
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electronic  conductivity  indicate  that  the  probability  of  finding  an  electron  in  the 
focal  volume  during  the  pulse  is  less  than  10  possibly  much  less,  in  some 
cases. 

Preliminary  results  of  a new  theory  of  electrical  breakdown  in  dielectrics 
agree  well  in  magnitude  and  shape  with  experimental  results  for  the  pulse-length 
dependence  and  frequency  dependence  of  the  breakdown  electric  field  with  no  ad- 
justed parameters.  The  difficulties  of  the  previous  theories  are  removed  by  the 
present  theory,  which  includes  mechanisms  for  generating  starting  electrons  and 
for  initiating  and  sustaining  an  avalanche.  Mechanisms  of  generating  the  starting 
electrons  include  thermal  and  tunnel  emission  from  the  cathode  (in  dc  experiments) 
and  from  imperfections,  field-induced  emission  from  imperfections,  including 
multiphoton  ionization,  and  multiphoton  excitation  from  the  valence  band.  Mech- 

! 

anisms  for  initiating  and  sustaining  the  avalanche  include  the  Holstein  photon- 
electron-phonon  interaction,  inter-conduction-band  transitions,  and  at  dc,  the 
Seicz  lucky -electron  process  with  free  acceleration  at  high  electron  energy  plus 
a self-sustaining  mechanism.  Although  the  preliminary  results  are  encouraging, 
results  of  additional  work  in  progress  are  needed  to  determine  the  validity  of  the 

; 

theory. 

i 

VUV  Window  Failure  by  Multiphoton  Absorption  and  Electron  Defocusing, 
Avalanche,  and  Absorption.  Rough  estimates  of  the  values  of  the  intrinsic  inten- 
sity limits  at  which  a window  material  fails  at  the  xenon-laser  frequency  are 

2 2 
0. 14  GW/cm  for  electron-plasma  defocusing,  0.74  GW/cm  for  fracture,  and 

2 2 
1.6  GW/cm  for  melting.  A potentially  lower  value  of  60  MW/cm  from  impurity 

absorption  and  subsequent  electron -plasma  defocusing  may  not  be  applicable  if 
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the  quantum  efficiency  for  generating  conduction  electrons  i3  low  or  if  the 
impurity  absorption  saturates.  The  Joule  heating  by  the  conduction  electrons 
that  are  generated  by  the  two-photon -absorption  and  the  electron -avalanche 
processes  is  greater  than  the  direct  heating  by  the  two-photon- absorption  pro- 
cess. Electron -plasma -induced  optical  distortion  by  these  conduction  electrons 
is  greater  than  thermally  induced  optical  distortion  for  the  cases  considered,  in 
which  approximately  one  conduction  electron  is  generated  for  every  photon  ab- 
sorbed. EJectron-avalanche  multiplication  increases  the  conduction-electron 
density  above  the  two-photon  value,  the  effect  being  greater  at  higher  intensities. 
Ordinary  F-center  absorption  and  a new  F-center  heating  process  are  show.i  io 
be  negligible  here,  but  important  at  other  frequencies  and  at  higher  F-center 
concentrations. 

Precollapse  Self  Focusing.  Self  focusing  is  known  to  be  a major  factor  fhat 

li  nits  the  power  that  can  be  transmitted  through  a transparent  optical  element. 

The  optical  distortion  that  occurs  at  power  levels  below  the  value  at  which  the 

beam  collapses  to  a small  self-focused  spot  can  limit  the  effectiveness  of  a sys- 

2 

tern.  Changes  in  the  refractive  index  6n  = n0  E result  in  optical  distortion  for 

2 

the  usual  case  in  which  E is  not  constant  across  the  profile  of  the  beam.  Using 

the  figure -of-merit  type  failure  criterion  of  X / 8 optical  distortion,  the  failure 

13 

intensity  for  i typical  value  of  the  nonlinear  index  = 10*  esu  is  1^  2:  7. 5 
2 

GW/cm  . A resonance  enhancement  of  should  reduce  the  threshold  to  If 
2 

2:  2.5  GW/cm  in  lithium  fluoride  at  fiw  = 7.21  eV,  which  is  slightly  greater 

than  one  half  the  electronic  band  gap  E . It  is  estimated  that  precollapse  self 

© 

focusing  will  he  negligible  with  respect  to  electron-plasma  defocusing  as  a 
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failure  mechanism  in  LiF  at  7.2  eV.  However,  there  are  two  cases  where  optical 
distortion  from  the  nonlinear  index  mj.y  be  dominant.  At  higher  frequencies  near 

E in  LiF,  the  nonlinear  index  may  become  large  and  negative  (that  is,  defocusing). 

S 

Other  materials  may  h"ve  strong,  sharp  two-photon-absorption  bands  which  may 
yield  a considerably  enhanced  nonlinear  index  in  the  vicinity  of  these  bands.  The 
remote  possibility  of  avoiding  self  focusing  by  operating  at  the  frequency  at  which 
n,  changes  sign  appears  to  exist,  but  has  not  been  considered  carefully. 

Fundamental  Optical  Properties  of  Alkali  Halides.  It  is  surprising  that  there 
is  a lack  of  understanding  of  even  the  most  fundamental  optical  properties  of  the 
alkali  halides,  which  are  perhaps  the  simplest  of  all  materials.  There  is  even 
recent  debate  on  the  origin  of  the  fundamental  absorption  edge,  with  some  inves- 
tigators believing  that  i:  is  excitonic  and  others  believing  that  it  is  direct-gap 
absorption.  Theoretical  values  of  the  band  gap  are  calculated  to  within  a small 
fraction  of  an  electron  vclt  in  involved  numerical  calculations,  then  approximate 
corrections  of  several  electron  volts  are  added  to  account  for  electronic  polari- 
zation effects.  There  still  is  discussion  on  whether  extreme  tight  binding  or 
nearly  free  electron  behavior  is  more  appropriate  for  the  conduction  band.  Such 
problems,  which  will  be  discussed  when  the  current  status  of  theory  is  consid- 
ered in  detail  in  a subsequent  report,  hinder  a number  of  other  studies  including 
multiphoton  absorption,  the  self-focusing  enhancement,  the  Holstein  photon- 
electron -phonon  process,  inter-conduction-band  transitions,  and  other  aspects 
of  electrical  breakdown  in  insulators.  Very  early  results  related  to  a program 
to  understand  the  optical  properties  are  included.  To  perform  the  theoretical 
quantitative  calculations  of  the  properties  under  study,  one  requires  knowledge 
not  only  of  the  electronic  energy  bands,  but  also  the  Bloch  functions  associated 
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with  the  bands.  An  interpolation  scheme  based  on  a set  of  tight-binding  wave 
functions  is  used.  The  scheme  reproduces  the  band  r /ucture  calculated  by  the 
Hartree-Fock  method  and  provides  wave  functions  that  are  simple  to  generate 
and  to  apply  to  the  variety  of  theoretical  studies  already  mentioned. 

These  wave  functions  are  being  used  in  a scheme  of  calculating  the  correc- 
tions to  the  Hartree-Fock  band  structure.  This  is  an  important  problem  since 
sophisticated  Hartree-Fock  schemes  are  in  very  poor  agreement  with  experi- 
ment, to  the  point  where  it  is  argued  that  there  are  corrections  to  the  Hartree- 
Fock  band  gap  from  electron-correlation  effects  that  amount  to  ~ 30  percent  of 
the  band  gap.  With  such  serious  questions  regarding  the  magnitude  and  even  the 
source  of  the  absorption  edge  besieging  the  current  theoretical  picture,  there  is 
little  hope  of  proceeding  further  until  these  problems  are  resolved. 

The  wave  functions  are  also  being  used  in  a study  of  surface  electronic  states 
in  the  gap.  It  is  anticipated  that  the  wave  functions,  or  perhaps  suitably  improved 
ones,  will  be  used  in  the  other  studies,  as  already  mentioned.  Additional  optical 
studies  underway,  which  concern  local  field  corrections,  values  of  various  ma- 
trix elements,  exchange  effects,  and  impurity  states,  will  be  discussed  in  subse- 
quent reports. 

Impurity  Absorption.  The  impurity-absorption  study  has  been  somewhat  low 
on  the  priority  list,  but  deserves  further  investigation  directed  toward  studies  of 
optical  effects  of  impurity  absorption  and  determining  the  source  of  the  large  ex- 
trinsic absorption  of  order  10  * to  10  cm  * in  the  ultrav’olet  region.  Estimates 
discussed  above  indicate  that  electron-plasma  defocusing  by  the  electrons  gener- 
ated by  linear  absorption  by  imperfections  could  give  rise  to  the  lowest  failure 
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2 2 
threshold,  1^  = 60  MW/cm  , compared  to  the  two-photon  threshold  of  140  MW/cm  . 

This  result  would  require  the  generation  of  approximately  one  conduction  electron 
for  each  photon  absorbed  and  would  require  that  the  absorption  not  saturate.  Both 
conditions  are  possible,  but  not  certain,  the  probability  for  such  a low  threshold 
being  somewhat  less  than  50  percent.  This  process,  being  extrinsic,  can  in  prin- 
cipal be  removed.  The  possibility  of  two -photon  creation  of  defects  that  in  turn 
absorb  linearly  may  cause  a further  limitation  of  vuv  materials. 

An  impurity -absorption  mechanism  in  which  valence  electrons  are  excited 
into  electronic  states  associated  with  dislocations  is  shown  to  be  a candidate  for 
explaining  the  large  observed  impurity  absorption. 

Theory  of  Multiphonon  Absorption.  An  extension  of  the  Sparks  and  Sham  theory 
of  multiphonon  absorption  has  simplified  the  first  principles  calculation  of  the  ab- 
sorption coefficient  from  the  phonon  spectrum  in  alkali-halide  crystals.  In  addition 
to  making  the  calculations  simpler,  new  physical  effects  are  predicted. 

Recent  experiments  by  J.  A.  Harrington  and  M.  Hass  show  a well-defined  peak 
in  the  low-temperature,  infrared  absorption  coefficient  at  a frequency  correspond- 
ing to  the  sum  of  three  optical  phonons.  This  peak  is  most  pronounced  in  alkali- 
halide  crystals  such  as  KrBr  and  Nal  which  have  a frequency  gap  in  their  phonon 
spectra.  An  n-phonon  quasiselection  rule  (transition  matrix  elements  small,  but 
not  zero),  similar  to  the  previous  two-phonon  quasiselection  rule  derived  by 
Duthler  and  Sparks,  is  obtained  by  an  extension  of  the  Sparks  and  Sham  theory  of 
multiphonon  absorption.  The  n-phonon  quasiselection  rule  states  that  the  funda- 
mental, reststrahl  phonon,  created  by  the  absorption  of  an  infrared  photon,  splits 
more  strongly  into  final  states  having  an  odd  number  of  optical  phonons  than  into 
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final  states  having  an  even  number  of  optical  phonons.  This  rule  is  expected  to 
be  valid  for  absorption  by  the  higher-order  dipole  moment  mechanism  as  well  as 
for  the  explicitly  considered  anharmonic  lattice  process.  The  further  realization 
that  the  matrix  elements  for  decay  of  the  fundamental,  reststrahl  phonon  depend 
primarily  on  the  branches  of  the  final- state  phonons  with  dependence  on  the  phonon 
wave  vectors  being  weak,  greatly  simplifies  the  calculation  of  the  absorption  coef- 
ficient from  the  phonon  spectrum.  With  this  approximation,  the  absorption  coeffi- 
cient is  calculated  using  an  average,  branch-dependent  matrix  element  and  a 
multiphonon  density  of  states  in  which  the  phonon  branches  are  kept  distinct. 

Enhanced  Stimulated  Raman  Scattering.  In  previous  reports  it  was  shown 
that  there  was  a parametric  instability  in  the  Raman  scattering  process  that  ex- 
plained previously  anomalous  results  and  had  important  practical  consequences. 

It  was  also  shown  that  the  previous  theories  had  missed  the  instability  by  either 
neglecting  the  increas  e in  the  vibrational  amplitudes  above  their  thermal  equili- 
brium values  or  linearizing  the  mode -amplitude  equations  by  a scheme  that  pre- 
cluded the  instability.  In  our  treatments,  damping  and  relaxation  to  thermal 
equilibrium  were  introduced  formally.  There  are  well  known  difficulties,  such 
as  non-satisfied  commutation  relations,  that  result  from  these  procedures.  As 
stated  in  the  previous  treatments,  these  difficulties  were  not  believed  to  be 
serious.  A treatment  of  these  problems  in  the  present  report  supports  this 
view.  By  enlarging  the  system  to  include  the  modes  responsible  for  the  damp- 
ing (for  a simple  two-Boson  damping  mechanism),  the  problems  are  avoided 
and  the  meaning  of  the  previous  results  becomes  clearer. 
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B.  CURRENT  STATUS  OF  ELECTRON- AVALANCHE-BREAKDOWN  THEORIES 

M.  Sparks 

Xonics,  Incorporated,  Van  Nuys,  California  91406 

It  is  argued  that  current  theories  of  electron-avalanche  breakdown  in 

dielectrics  are  inadequate  to  explain  existing  data  or  to  be  predictive.  Specific 

difficulties  include  the  following:  (1)  The  theoretical  values  of  the  ionization 

frequencies  are  too  small,  by  tens  of  orders  of  magnitude  in  some  cases,  to 

explain  the  experimental  damage  results  even  when  the  large  initial  conduction 

electron  densities  in  (4)  below  are  assumed.  (2)  The  theoretical  result  for  the 

2 2 1/2 

frequency  dependence  of  the  breakdown  electric  field  Eg  ~ ( 1 + to  T ) dis- 
agrees with  experimental  results.  The  explanation  in  terms  of  an  anomalously 
small  electron  relaxation  frequency  is  inconsistent  with  the  value  of  T re- 
quired to  explain  the  magnitude  of  Eg,  with  calculated  values  of  i (by  two 
orders  of  magnitude),  and  with  the  difference  between  the  dc  and  10.  6jim 

experimental  values  of  Eg.  (3)  The  temperature  dependence  of  Eg  is  inc,  • 

8 10  "3 

rect.  (4)  The  assumed  value  of  the  electron  density  n£  = 10  -10  cm  re 
quired  to  initiate  the  avalanche  is  in  conflict  with  results  of  photoconductivity 
measurements.  Bounds  on  n oet  by  estimates  of  the  value  of  the  electronic 
conductivity  indicate  that  the  probability  of  finding  an  electron  in  the  focal 
volume  during  the  pulse  is  less  than  10  possibly  much  less,  in  some  cases. 
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I.  INTRODUCTION 

The  motivation  for  the  study  of  electron -avalanche  breakdown  was  an 
attempt  to  predict  the  magnitude  of  the  breakdown  electric  field  Eg  and  its 
temperature  and  frequency  dependence  and  to  predict  whether  the  enect  would 
be  intrinsic  or  extrinsic,  all  in  the  vacuum-ultraviolet  region.  It  was  found  that 
current  theories  could  not  afford  this  information.  The  rather  serious  problems 
with  current  theories  are  discussed  in  fhe  present  section.  In  the  following  sec- 
tion, a tentative  theory  of  avalanche  breakdown  that  appears  to  alleviate  these 
difficulties  is  presented.  In  Sec.  D , high-field  breakdown  in  the  vacuum-ultra- 
violet region  is  discussed.  In  the  vuv  region,  a broader  vie  w than  electron- 
avalanche  breakdown  must  be  taken. 

The  practical  importance  of  breakdown  in  limiting  the  performance  of  mate- 
rial in  numerous  applications  and  fundamental  interest  in  the  subject  have  stim- 
ulated enormous  interest  in  electrical  breakdown  in  dielectrics.  The  laser  studies 
of  avalanche  breakdown  in  the  last  five  years  have  supplied  invaluable  new  experi- 
mental data.  No  attempt  is  made  to  review  the  literature  on  electron- avalanche 
breakdown,  which  extends  from  the  early  studies  of  A.,  von  Hippel*  in  1931  to  the 

2 

present.  In  fact,  in  the  first  volume  of  Annalen  der  Fhysik  in  1799,  A.  Van  Marum 

reported  the  laboratory  observation  of  electrical  breakdown  in  glass.  There  are 

3 

a number  of  textbooks  and  reviews.  The  ne  wer  of  J.  J.  O'Dwyer's  books,  the  re- 

4 5 6 

views  by  N.  Bloembergen  and  N.  Klein,  ind  the  report  by  D.  Fradin  should  lead 

the  reader  into  the  literature. 

At  least  part  of  an  apparent  disagreement  in  the  literature  and  among  inves- 
tigators in  the  field  as  to  how  good  the  current  theories  of  electrical  breakdown  in 
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solids  are,  sterns  from  what  is  expected  of  the  theory.  If  the  goal  of  the  theory 
is  to  explain  the  magnitude  of  the  breakdown  field  Eg  within  an  order  of  magni- 
tude or  so,  then  any  one  of  many  theories  that  have  been  proposed  will  suffice. 
This  is  in  fact  to  be  expected  since  small  changes  in  the  value  of  the  electric 
field  give  rise  to  large  changes  in  the  values  of  the  physical  quantities  of  inter- 
est, such  as  the  ionization  frequency.  The  electric  field  appears  in  an  exponent 
in  most  theories,  and  even  a factor -of- two  change  in  E can  change  the  proba- 
bility for  damage  by  tens  of  orders  of  magnitude  in  some  cases.  For  example, 
see  Fig.  2 in  Sec.  III.  This  situation  is  analogous  to  the  fact  that  the  value  of 
the  temperature  must  be  known  more  accurately  than  within  a factor  of  ten  in 
most  cases,  as  in  thermal  emission  over  a barrier  or  in  the  human  environ- 
ment, where  a one  percent  change  is  large,  a ten  percent  change  is  intolerable, 
and  a factor  of  two  is  exocrematory. 

If,  on  the  other  hand,  the  goal  of  the  theory  is  to  explain  the  magnitude  of 
avalanche  ionization  frequency  co,  in  the  expression  for  the  conduction-electron 
density,  n£  = ncg  exp(coct),  to  within  an  order  of  magnitude  at  the  observed 
value  of  E or  to  explain  the  dependence  of  Eg  on  the  laser  frequency  go,  tem- 
perature T,  laser  pulse  duration  tp , or  material  parameters,  or  to  be  predic- 
tive, then  current  theories  inadequate.  The  problem  is  more  serious  than 
simply  an  inability  to  calculate  the  values  of  c 0£  or  Eg  to  within  some  requiied 
accuracy,  as  it  was  found  in  the  early  attempts  to  understand  the  existing  experi- 
mental data  that  even  in  .Teing  overly  generous  with  the  values  of  all  parameters, 
current  theories  still  failed.  If  a theory  cannot  explain  the  experimental  results 
to  within  the  estimated  errors  of  the  experimental  and  theoretical  results,  the 
theory  will  be  considered  as  unsatisfactory.  A factor  of  three  to  ten  difference 
in  Eg  is  not  sufficient. 
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II.  THE  AVALANCHE  PROCESS 


The  simplest  current  explanation  of  electron-avalanche  breakdown  is  as 
follows.  In  the  presence  of  an  electric  field  E and  electron-phonon  collisions, 
an  electron  drifts  in  the  direction  of  E , gaining  energy  £ as  it  goes.  The  elec- 
tron absorbs  energy  £ from  the  electric  field  E , as  illustrated  schematically 
in  Fig.  la.  The  rate  of  energy  gain  from  the  field  is  given  by  the  well  known 
relation 


2 2 
e TkE 

TT 

m(l+to  Tk  ) 


(2.1) 


where  co  is  the  frequency  of  the  electric  field  and  Tk  is  the  electron  relaxation 

frequency  for  large-angle  scattering.  When  the  electron  attains  sufficient  energy 

£j , it  can  excite  anothei  conduction  across  the  electronic  energy  gap  from  the 

valence  band.  Repetition  of  this  multiplication  process  continues  to  increase  the 

number  of  electrons  ’until  breakdown  occurs.  Breakdown  has  been  assumed  to 

occur  when  this  process  increases  the  electron  density  n£  from  an  initial  value 
8 10  -8  18  -3 

of  10  - 10  cm  to  10  cm  , as  discussed  at  the  end  of  Sec.  Ill . 


For  the  dc  case  illustrated  in  Fig.  1,  electron-phonon  collisions  prevent 
the  electron  from  accelerating  very  rapidly  to  high  energies  by  changing  its 
direction  of  travel  every  Tk  seconds  on  the  average.  If  the  electron  were  to  go 
without  suffering  a collision  for  a long  time,  its  energy  would  be  increased 
more  efficiently.  Such  a "lucky"  event,  shown  at  L in  Fig.  la,  is  discussed  in 
Sec.  VI . Small-angle  collisions  are  less  effective  in  inhibiting  the  rapid  build 
up  of  energy.  However,  both  small-angle  and  large-angle  collisions  reduce  the 
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electron  energy  since  phonons  (having  energies  are  excited  in  the 

scattering  process.  In  Fig.  1,  the  build  up  of  energy,  impeded  by  the  large- 
angle  scattering  and  the  energy  loss  are  visualized  individually  in  the  (a)  and 
(b)  parts  of  the  figure.  In  passing,  notice  that  the  electron  drift  velocity 
= ^E,  where  ji  = er^/m  ij  the  mobility,  is  determined  by  the  increase  in 
the  component  kz  of  wave  vector  k in  the  direction  of  E , which  is  related  to 
the  curvature  of  the  trajectory  in  Fig.  la . 

The  rate  of  loss  of  energy  to  the  lattice  phonons  is 

(d£/dt)L  = ficOp/TL  (2.2) 


where  is  an  average  phonon  energy  and  is  the  time  constant  that  includes 
small-  and  large-angle  scattering.  The  time  constants  and  are  calculated 
in  Sec.  C-VIII.  Equating  (2. 1)  and  (2.2)  and  solving  for  E = EEL  gives  the  value 


E 


EL 


/ mfitOp  1+w2t^  \1/,Z 
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(2.3) 


of  E at  which  the  net  rate  of  change  of  £ is  zero.  For  E > E^^,  the  electron 
gains  energy  on  the  average,  and  vice  versa.  If  the  electron  gains  energy  on  the 
average  at  each  collision,  it  will  accelerate  until  £ = £j.  Thus,  the  simplest 
criterion  for  breakdown  is  that  E Eg  with 

Eg  = Eel  . (2.4) 

The  energy  dependence  of  the  relaxation  frequencies  will  be  considered  in  Sec. 
VIII.  Values  of  Eg  calculated  from  (2.4)  and  (2.  3)  typically  are  a factor  of 


three  to  ten  times  greater  than  observed  values.  For  example,  at  1.06  Jim 
with  = 1.36  X 10  ^sec  and  - 8.77  x 10  ***  sec,  for  sodium  chloride 
at  room  temperature  from  Sec.  C-VI1I,  (2.3)  and  (2.4)  give 

Eg  = 9.0  MV/cm 

which  is  a factor  of  4.3  times  greater  than  the  experimental  value**  of 
2. 1 MV/cm. 
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III.  IONIZATION  FREQUENCY 


Current  theories  do  not  explain  the  experimentally  determined  values  of 
the  ionization  frequency  C0£ , as  will  now  be  shown.  The  ionization  frequency 
can  be  obtained  from  the  model  in  Sec.  II  by  integrating 


for  £ = 0 to  which  corresponds  to  t = 0 to  tj,  where  tj  is  the  time  re- 
quired for  the  electron  to  gain  energy  £j  in  the  presence  of  the  field  and  of 
phonon  collisions.  The  values  of  (d£/dt  )g  and  (d£/dt)^  in  (3. 1)  are  given 
by  (2. 1)  and  (2.2).  Assuming  that  T.  and  are  constants,  the  integration 
gives 
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m ( 1 + or  ) 


2 

(E  - 


■ ) t 

'E'J  T 


(3.2) 


Since  the  number  of  conduction  electrons  doubles  every  tj  seconds,  nc  is 
equal  to 


n 


c 


cO 


(2)'P/*I 


f 


which  can  be  written  as 


CO  ln 
c P 


n = n „ e 
c cO 


(3.3) 


with 


o 2 
E -eel 


■ft  CO 

co  - 0. 693  ■■■  — n — 

c £t  tt  e2 

1 L bEL 


for  E > E 


EL 


(3.4) 
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and  u)c  = 0 for  E < Egg.  For  'ha^  = l/40eV,  Sj  = 8eV,  Tg  = 8.?7v kO-1^sec, 
= 1.36X  10  *Jsec  (fromSec.  C- VIII),  and  X=  1.06)im,  (2.3)  gives  Egg 
= 9. 04 MV /cm.  With  these  values  and  E - 1. 1 Egg,  (3.4)  gives  ooc  = 5. 19 
x 1011  sec  *.  The  agreement  with  experiment  is  poor,  as  illu  Jtrated  ji  Fig.  2 
and  discussed  below. 


In  comparing  the  result  (3.4)  for  ooc  with  experimental  results  of  the  de- 
pendence of  En  on  the  laser-pulse  duration  t , the  relation  between  to  and  t 
d p c p 


is  needed.  This  is  commonly  obtained  by  assuming  that  n£  is  increased  from 


8 10  "3  18  “3 

an  initial  value  of  10  -10  cm  to  a final  value  of  lCr°  cru  , as  already  men- 


9 -3  18  -1 

tioned.  Taking  the  logarithm  of  (3. 3)  with  ncQ  = 10  cm  , and  n£(  l ) = 10  cm 


gives  the  required  expression 


“e-  20-7tp‘ 


(3.5) 


The  experimental  values^  of  tp1  for  sodium  chloride  at  room  tempera- 


ture and  1. 06  Jim  are  shown  in  Fig.  2.  The  dc  results,  which  will  be  discussed 
in  Sec.  VI,  are  included  here  for  comparison  with  the  1.06|jm  results.  The 


-1 


theoretical  result  for  tp  from  (3. 4)  and  (3.5)  is  plotted  as  a single  curve. 

7 

The  theoretical  results  of  Holway  and  Fradin  obtained  from  a numerical  solu- 


tion of  a transport  equation,  with  one  parameter  adjusted,  also  are  shown  in 


Fig.  2.  The  agreement  between  experiment  and  either  theory  is  poor.  At 


2 -1 

Eg  a : 2MV/cm  , (3.4)  gives  t =0,  compared  with  the  experimental  value 


8 -I 

of  ~10  sec  . Extrapolating  the  Holway-Fradin  curve  to  E = 2 MV/cm  (which 


surely  gives  an  inaccutate  value  for  such  a great  extrapolation)  gives  a value 


17 


mm*** 


Sec.  B 


of  t 1 that  is  18  orders  of  magnitude  smaller  than  the  experimental  value. 

The  relatively  smaller  factor  of  ~3. 7 between  the  lowest  experimental  point 

and  the  Holwav-Fradin  curve  illustrates  the  assertion  made  in  Sec.  I,  that 

otder-of- magnitude  accuracy  in  the  value  of  Eg  is  very  weak  testimony  at 

best  for  the  validity  of  a theory  of  avalanche  breakdown.  It  is  perhaps  worth 

18 

mentioning  that  u>c  appears  in  an  exponent  in  (3. 3);  thus  a factor  of  10  error 

in  co  makes  a factor  of 
c 


<ioV° 


18 


error  in  n . 

c 


Finally,  consider  the  criterion  for  damage.  The  one  used  above 


nc/nc0  ' 10 


(3.6) 


g 

is  one  of  the  commonly  used  criteria.  Seitz  introduced  the  "40  generation"  cri- 
terion in  which  an  electron  starting  at  the  cathode  must  undergo  40  multiplications 
before  reaching  the  anode.  This  corresponds  to 


nc/nc0  = (2> 


40 


on  the  average.  With 


P 


the  criterion  (3.6)  corresponds  to  30  generations  during  the  laser-pulse  duration. 
Another  commonly  used  criterion^'  ^ is  that  the  sample  temperature  must  be 
raised  to  the  melting  temperature.  There  are  many  other  possible  criteria,  some 
of  which  are  discussed  in  Sec.  D. 
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IV.  FREQUENCY  DEPENDENCE  OF  THE  BREAKDOWN  FIELD 

It  will  be  shown  in  this  section  that  current  theories  give  a much  stronger 
frequency  dependence  of  Eg  than  observed  experimentally.  It  is  currently  be- 
lieved that  the  frequency  dependence  of  Eg  should  be  given  by 

2 2 1/2 

Eg  ~ (1+oTif ) (4.1) 

which  follows  from  (2.4)  and  (2.3).  The  increase  in  the  value  of  Eg  from  the 
first  10.  j|*m  laser  experiments  over  the  dc  values  was  attributed  to  this  fre- 
quency factor  in  (4. 1).  It  was  then  surprising  that  there  wac  little  additional 
increase  in  Eg  first  at  1.06^im,  then  at  0. 694  ^m. 

At  X = 0.694 film,  the  value  of  1/to  is  3. 69  X 10  *^sec.  According  to 
(4. 1)  and  the  experimental  result  that  Eg  changes  little  between  10.6,  1.06, 
and  0. 694  Jim , the  value  of  r would  have  to  satisfy 

Tk  < 2.10X  10"16  sec  (4.2) 

(even  for  a 15-percent  increase  in  Eg  from  10.  6 to  0. 694  Jim)  for  values  of  £ 
between  ~ 1/40  eV  and  ~8eV.  It  is  extremely  unlikely  that  is  this  small. 

The  calculations  in  Sec.  C-VIII  indicate  that  is  an  order  of  magnitude 
greater  than  2 x 10  1 sec  for  all  values  of  £ on  this  range,  and  that  is 
two  orders  of  magnitude  greater  than  the  value  in  (4.2)  at  £ a 8 eV. 

Furthermore,  the  values  of  required  to  explain  the  observed  values  of 
Eg  are  inconsistent  with  (4.2).  At  10. 6|tfn,  the  experimental  value  of  Eg  is*1 
1.95  MV/cm  for  NaCl.  From  (2.4)  and  (2.  3)  with  = tl  and  ficdp  = l/40eV, 
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the  value  of  required  to  give  this  experimental  value  of  Eg  is 

Tk  = 2.00X  10‘15sec_1  . (4.3) 

The  frequency  dependence  of  Eg  calculated  from  (2.3)  with  this  value  of  is 
in  poor  agreement  with  experiment,  as  seen  in  Fig.  3.  For  example,  even  though 
the  theoretical  curve  was  fit  to  the  experimental  result  at  10. 6}jm,  the  theoreti- 
cal value  of  Eg  = 11. 1 MW/cm  at  0.694fim  is  much  greater  than  the  experi- 
mental value  of  2.3MV/cm.  If  the  difference  between  and  is  included, 
the  agreement  is  even  poorer.  Including  the  energy  dependence  of  and 
makes  little  difference  in  this  result. 
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V.  INITIAL  ELECTRON  DENSITY 

In  this  section  it  will  be  shovm  that  the  initial  density  of  conduction  electrons 
is  so  small  that  the  probability  of  finding  an  electron  in  a typical  focal  volume  is 
much  less  than  unity.  This  is  in  disagreement  with  current  theories,  in  which  the 
initial  density  of  electrons  n£Q  in  (3. 3)  required  to  start  the  avalanche  is  usually 
assumed  to  have  the  value 

nc0  = 108-1010cm‘3  . (5.1) 

It  is  also  assumed  that  the  avalanche  process  must  increase  the  value  of  n£  to 

10  cm"  . From  (3. 3),  the  ionization  frequency  coc  = t jin  ( n£  / ncQ ) is 

18 

rather  weakly  dependent  on  the  initial  electron  density  n£Q.  With  n£  = 10 

-1  9-3  4 -3 

cm  , changing  the  value  of  n£Q  from  10  cm  to  10  cm  changes  coc  by 

56  percent.  However,  there  is  the  more  serious  problem  with  small  electron 

densities  that  the  probability  of  an  electron  being  in  the  focal  volume  during 

the  pulse  becomes  negligibly  small  for  the  small  values  of  n£Q , aa  discussed 

below. 

The  assumed  value  of  ncQ  in  (5. 1)  would  at  first  appear  to  be  a reasonable 
density,  which  could  result  from  thermal  ionization  of  impurity  levels,  for  ex- 
ample. Under  closer  examination,  this  density  is  seen  to  be  unreasonably  large. 
8 10 

First,  with  10  - 10  conduction  electrons  per  cubic  centimeter,  previous  obser 
vations  of  photocurrents  woviii  nave  been  impossible. 

It  is  not  difficult  to  sje  why  lower  densities  are  expected.  For  F centers 
in  sodium  chloride  for  the  best  case  of  the  chemical  potential  having  the  value 
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jCp  (below  the  conduction  band),  where  ep  2;  2eV  is  the  energy  of  the  F 

center  below  the  conduction  band,  the  theoretical  value  of  nc  at  room  tempera- 

. 12 
ture  is 

n£  = ( 5x  108 * * * * 13 *2.41x  1019)1/2  exp  f -±(2)(40) 

L 

= 10*1  cm"3 

13  -3 

which  is  negligibly  small.  The  density  5 x 10  cm  of  F centers  is  the  great- 
est value  the  crystal  can  have  without  being  colored,  as  shown  in  Sec.  D.  Shal- 
lower imperfection  levels  could  contribute  more  electrons,  but  it  is  currently 

8 10 

believed  that  there  is  not  a sufficient  density  of  shallow  levels,  and  10  - 10 
-3 

cm  from  shallow  levels  is  inconsistent  with  photoconductivity  experiments. 

Measurements  of  the  dc  conductivity  a would  afford  sufficiently  accurate 

estimates  of  the  value  of  nc . However,  room-temperature  values  of  a were 

not  found  in  the  literature.  In  the  absence  of  experimental  values,  a simple 

8 10  -3 

estimate  further  suggests  that  n£  = 10  - 10  cm  is  unlikely.  Values  of  a 

-1  12  6 2 9 

in  (ohm  cm)  are  10  for  a good  conductor,  10  to  10  for  semiconductors, 

*14  -22  *26 

10  * to  10  for  insulators,  and  10  ° for  extrapolation  from  high-tempera- 

8 10  "3 

ture  ionic  conductivity  values.  For  n£  = 10  - .’0  cm  , a lies  in  the  semi- 

conductor range  rather  than  the  insulator  range,  which  is  mt  reasonable  for 

alkali  halides. 

For  a in  the  insulator  range,  that  is  a ^ 10  ^ (ohm  cm)  * = 9 x 10  3 sec  *, 

the  conductivity  relation  ^ 

nc  = mcr/e 


gives 


n £ 2 x 104  cm’3  . (5.2) 

c 

For  this  limit  of  nc , the  probability  of  finding  an  electron  in  the  focal 
volume  can  be  estimated  as  follows.  Since  the  electron -avalanche  process  is 
highly  nonlinear,  only  the  region  of  the  focal  volume  with  E near  the  maximum 

is  effective,  and  the  diameter  d^  and  length  of  the  high-field  region  are  less 

2 13 

than  the  1/e  or  1/e  values.  Reasonable  values  for  1.06 pm  experiments, 

which  also  correspond  to  the  damage  volume,  are  d^  = 2 pm  and  = 50  pm . 
-in  3 

With  Vj  s 2 x 10  cm0  and  (5.2),  the  value  of  n^  is 

n V,  < 4 x 10"6  . 

c t 

This  negligibly  small  probability  of  finding  an  electron  in  the  focal  volume 
indicates  that  there  is  not  a sufficient  electron  density  to  initiate  the  ava- 
lanche. Furthermore,  the  value  of  n from  (5.2)  is  at  least  eight  orders  of 

magnitude  too  small  to  explain  the  number  of  nucleation  centers  reported  by 

13 

Smith,  Bechtel,  and  Bloembergen. 

This  problem  of  an  insufficient  prepulse  electron  density  is  one  of  the 
less  serious  difficulties  with  current  theories  since  there  are  mechanisms 
for  generating  the  starting  electrons,  as  discussed  in  Sec.  C.  However,  the 

source  of  the  starting  electrons  can  determine  the  value  of  Eg*,  then  assum- 

8 io  -3  _ 

ing  that  nc(J  = 10  - 10  cm  ' would  give  an  incorrect  value  of  Eg. 
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VI.  LUCKY-ELECTRON  AVALANCHE  AT  DC 


Several  of  the  attempts  to  alleviate  the  difficulties  in  the  simple  theory 
discussed  in  the  previous  sections  will  be  considered  here  and  in  the  following 
two  sections.  In  the  present  section  it  will  be  shown  that  current  lucky -electron 
theories  do  not  explain  the  experimental  values  of  Eg.  The  value  of  is  the 
average  time  between  collisions,  with  each  individual  time  between  collisions 
being  different  from  in  general.  Seitz0  and  Shockley1  considered  the  effects 
of  the  deviations  from  the  average  in  dc  experiments.  In  the  discussion  of  Fig.  1 
in  Sec.  II , it  v/as  pointed  out  that  collisions  limit  the  rate  of  energy  absorption 
from  the  field  in  the  dc  case.  Thus,  a few  "lucky"  electrons  that  have  collision 
times  much  greater  than  the  average  value  can  gain  energy  £j  even  when 
(d£/dt)E  < (d£/dt)L  is  satisfied  on  the  average.  Thus  Eg  can  be  less 
than  the  value  of  EgL  in  (2. 3). 

A simple  demonstration  of  the  large  energy  gained  by  the  lucky  electrons 
is  obtained  from  the  equation  of  motion  between  collisions  for  the  component  kz 

A 

of  the  electron  wave  vector  k along  the  direction  of  the  dc  field  E = z E 


dkz/dt  = e E/h 


(6. 1) 


The  solution  between  collisions  is 


k = kn  + eEt/h 
z zO 


The  corresponding  electron  energy  is 


£ = -J—  k2  + k2  + / k n + 

2 m x y \ zO 


24 


Sec.  B 


which  shows  that  the  greater  the  value  of  t between  collisions,  the  greater  the 
value  of  £.  In  passing,  notice  that  the  energy  gained 


Ae  = 


fieEt  / , e E t \ 
m [ Kz0  + 2h  f 


(6.2) 


is  large  for  small-angle  collisions,  for  which  k^  is  large  on  the  average.  Also, 
for  isotropic  scattering,  for  which  = 0 on  the  average,  (6.2)  with  t = t. 
and  (de,/dt)E  -•  A£/T.go  give 

2 ~2 
/ v e T.  E 

(ItL'-jS1-  - <‘-3> 


1 


in  agreement  with  (2. 1)  for  jTiso  = ^ and  Cl'  = 0. 

In  Sec.  C-XII  it  is  shown  that  the  probability  that  the  electron  goes  for 
time  t without  undergoing  a collision  is 


PT(t)  = e 


-t  <1/Tk  ) 


(6.4) 


where  ( 1 / ) is  the  time  average  of  1/ . The  time  tflc  required  for  an  elec- 

tron to  gain  energy  £j  2*  8eV  in  the  absence  of  collisions  is,  from  (6.2)  with 
kzQ  negligible 

1/2 

(2mGI>  / 1 MV/cm  \ „ BJ  w ,„-14  B, 

t = = 9.54X10  sec  . (6.5) 

nc  e E \ E / 

The  time  average  ( 1/T^)  can  be  approximated  by  the  average  over  the  elec- 
tron wave  vector  k,  as  shown  in  Sec-  C-XIII.  From  Fig.  7 of  Sec.  C-VIII,  the 
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average  from  £ = kgT  = l/40eV  to  £ = £j  = 8.  leV  is  (l/T^.  ' = 3 x 10^  sec  *. 
Thus,  (6. 4)  and  (6. 5)  give 


PT(tnc>  = exP 


■28.6  (»J^H!)J 


(6.6) 


-13 


This  small  probability  of  ionization  per  try”  of  3.  8 x 10  for  E = 1 MV/cm 

must  be  multiplied  by  the  number  of  "tries,"  which  can  be  estimated  as  follows. 

8 40  12 

Seitz  has  argued  that  40  multiplications,  which  results  in  (2 ) = l(j  elec- 

trons in  a small  volume,  is  a typical  value  for  breakdown.  In  other  words,  the 

electron  must  undergo  40  multiplications  before  being  swept  into  the  anode  by 

-2  15 

the  field.  Thus,  for  a sample  3. 2 x 10  cm  thick  and  electrons  with  average 

o 2 

drift  velocity  v = fjE  = 20(cm  /Vsec)  10  V/cm,  the  electron  energy  must 
reach  £j  ( in  the  presence  of  collisions ) in  time 


t = _L_  3. 2 x 10~2  cm 
1 2 x 107cm/sec 


(lMV£m)  . (iWtfcn)  4.00*  101!sec  . 


During  this  time  tj,  the  electron  makes  tj/r^  = 2.93  x 10  collisions  on  the 
average.  After  each  collision,  it  has  another  try  to  accelerate  without  a colli- 
sion. Thus,  the  number  of  tries  is  tj  / *^ . The  probability  of  ionization  Pj  is 
the  product  of  the  probability  of  ionization  per  try  times  the  number  of  tries: 


PI  ' \ PT(t„c)=  1.1X10'8«  1 


(6.7) 


This  small  value  of  Pj  at  the  experimental  value  of  E = 1 MV/cm  shows  that 
the  lucky-electron  mechanism  of  avalanche  is  clearly  inadequate  in  this  example. 
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The  ionization  frequency  go,  is  approximately  equal  to  the  product  of  the 
number  of  tries  pr-**  i nit  time  1/T^  and  the  probability  of  ionization  per  try 

! -tnc/<1/Tk> 


WC  T  3 * *  6 

c Tk 


(6.  8) 


where  the  coefficient  1/T^  is  the  thermal  equilibrium  value.  Thus,  from  (6.6) 


and  (6. 8) 


GO  = 7. 33  x 10 
c 


14 


exp 


- 23 


6 ^ 1 MV/cm  j 


see 


-1 


(6.9) 


The  comparison  in  Fig.  4 of  this  ionization  frequency  :cq  in  (6.9)  with  experi- 
mental values1^  illustrates  the  poor  agreement  with  theory.  The  experimental 
dc  results  are  obtained  by  converting  the  sample  length  i to  the  time  t^  re- 
quired for  the  electron  to  drift  across  the  sample  by  using  the  expression 

t£  = £/n  E 

where  is  the  electron  mobility.  The  ionization  frequency  go  't  then  obtained 
from  (3.5)  with  t = t. . Values  of  t.  for  the  curve  marked  "ji  const"  were 

p x X> 

3 2 

calculated  using  the  constant,  low  field  experimental  value  of  fj  = 20  cm  /V 

sec  for  the  mobility.  For  the  jx  = ji(E)  curve,  the  theoretical  expression  for 
the  field  dependence  of  mobility  is  given  on  p.  122  of  Ref.  3.  In  the  variable- n 

result  used  in  Ref.  16  it  was  assumed  that  the  mobility  decreases  with  increasing 
field,  as  it  should  for  nonpolar  solids.  In  the  theoretical  resuit  used  here,  tne 
mobility  increases  with  increasing  field.  The  physical  reason  is  that  JX  = eT^/m 
and  increasing  the  field  increases  the  average  value  of  by  forcing  the  electrons 
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into  the  higher  k region  In  Fig.  7 of  See.  C-V1I1  where  the  relaxation  frequency 
1/tr  la  ameller.  Thua,  the  lower  curve  In  (d)  of  Fig.  1 In  Ref.  16  appeara  to 
be  a reaaonable  lower  limit  In  general,  but  It  apparently  la  not  approached  In 
the  alkali  halldea.  In  Fig.  2 , only  the  conatant  p curve  waa  ehown  for  clarity 
in  comparing  the  dc  and  1. 06fim  results. 
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Vll.  LUCKY  REVERS1NC--ELECTR0N  AVALANCHE  AT  LASER  FREQUENCIES 


It  will  be  shown  that  the  lucky  reversing-electron  theory  cannot  explain 


0. 694  Jim  breakdown  results.  The  mechanism  probably  is  imports  .t  only  at  fre- 


quencies below  the  -laser  frequency,  and  then  only  with  the  modifications 


discussed  in  Sec.  C-III. 


If  an  electron  in  an  ac  electric  field  does  not  undergo  collisions,  its  wave 


vector  oscillates  with  some  peak  value  kpk , rather  than  increasing  continuously 


as  in  the  dc  case.  Thus,  the  wave  vector  can  be  increased  between  two  colli- 


sions by  the  peak-to-peak  value  2 kpk , at  most.  The  value  of 


2/TeE 


pk  " «“  " 2.2MVcm''  °-694Mm 


6 -1 


3. 50  x 10  cm 


is  easily  Stained  by  integrating  (6. 1)  with  E(t ) = Epkexp(  icot)  and  using 


Epk  ^ERMS  Wlth  £ ' ERMS’ 


According  to  the  lucky-reversing-electron  theory,  the  electron  must  suffer 


a backscattering  collision  during  the  time  the  value  of  k is  near  kp.  Then  the 


electron  is  traveling  in  the  same  direction  as  E during  two  successive  half 


cycles.  It  is  therefore  accelerated,  rather  than  deaccelerated  as  it  would  be 


if  its  direction  had  not  been  reversed.  This  piocess  must  be  repeated  until 


k = kj,  where  kj  is  the  value  of  k required  to  generate  a second  electron,  as 


before.  The  sequence  is  so  unlikely  that  a very  rough  estimate  is  sufficient  to 


demonstrate  that  it  is  negligible. 


For  an  electron  that  has  a lucky  reversing  collision  when  kz  = - kpk , the 


next  lucky  reversing  collision  must  occur  at  k = +k  - . For  the  case  of 

pK 
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co  t^  » 1 , the  electron  makes  several  oscillations  before  suffering  a collision, 
on  the  average.  Thus  the  probability  of  a collision  during  the  time  t ^ j At 
to  tp£  + jAt,  where  t = tp^  at  k = +k  jc#  is  approximately  equal  to  pAt 
= coAt/2tr.  Here  l/v  is  the  period  of  oscillation.  For  cor^  « 1 it  can  be 
shown  that  the  probability  is  even  lower. 

Selecting  At  to  make  k = 0. 8 kp^  at  the  two  ends  of  the  time  interval  A t 
and  using  2 cos-1  0.8  = 73.7°  gives  pAt  = 0.205.  A generous  estimate  of  the 
effective  fractional  solid  angle  Afi/4ff  for  backscatter  near  180°  is  1/5,  which 
gives 

PB  = £ i/At  = 4 x 10-2 
for  the  probability  of  the  backscattering  collision. 

The  number  of  such  collisions  required  to  make  k = k}  is  greater  than 
kj/2  kp^.  The  inequality  results  from  the  fact  that  the  change  in  k between  the 
reversing  collision  is  less  than  2 kp^  since  the  collisions  were  assumed  to  occur 
at  | k | > 0.8  kpk  and  collisions  with  scattering  angle  6 £ 180°  are  less  effec- 
tive. Thus  an  overestimate  is  obtained  by  using  = kj/2kp^.  The  value  of 
kj  is  ~ 1.46  x 108  cm"1  for  £j  as  8eV  and  2kp  a*  3.  50x10^ cm  1 according  to 
(7.1).  Thus  Nc  = 41.9. 

The  probability  for  k reaching  kj  is  therefore 


N, 


/ \ C .9  41. 9 -59 

(PBj  = (4X10  2)  = 2.67  X 10 


(7.2) 


Multiplying  by  the  number  of  tries  t /t^  - 5 x 10  during  the  pulse  duration  tp, 

-52 

which  is  again  an  overestimate  since  coij,  » 1 , gives  Pg  1.3  x 10  for  the 
probability  of  success  of  attaining  k = kj,  which  is  negligible  as  stated. 
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17 

A previous  estimate  used  much  smaller  values  of  the  number  of 
reversing  collisions  N^,  ( M in  the  reference ),  which  appears  in  the  expo- 
nent in  (7.2).  Values  of  no  = 1 to  7 for  various  materials,  apparently  ob- 
tabled  from  a fit  to  experimental  results,  are  much  smaller  than  our  lower 
limit  of  N^,  = 42  ( 0.694  /1.06)  = 27.  Also,  the  tacit  assumption  that 
to  « 1 is  satisfied  appears  to  have  been  made  in  one  part  of  the  previ- 
ous calculation.  These  two  differences  account  for  tens  of  orders  of  magni- 
tude difference  in  the  two  results. 
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VIII.  ENERGY  DEPENDENCE  OF  ELECTRON  RELAXATION  FREQUENCIES 


At  the  early  stages  of  the  electron- avalanche-breakdown  investigation 
reported  in  Sec.  C,  a number  of  modifications  of  the  existing  theories  were 
tried  in  hopes  of  solving  the  problems  of  these  theories.  Only  slight  improve- 
ments could  be  made.  For  example,  consider  the  effects  of  including  the  energy 
dependence  of  the  relaxation  frequencies.  A calculation  in  Sec.  C-V11I  of  the 
values  of  and  gives  the  results  in  Fig.  7 of  Sec.  C. 

Including  this  energy  dependence  of  and  in  (2.  1)  and  (2.2)  gives 

the  results  sketched  in  Fig.  5.  Increasing  the  value  of  E raises  the  curve 
2 

(dC/dt)E  - E and  leaves  (d£/dt)L  unchanged.  For  sufficiently  great 
values  of  E,  the  curve  (d&/dt)E  lies  above  (d£/dt)L  at  all  values  of  k 
as  marked  "greater  E"  in  Fig.  5,  and  breakdown  surely  would  occur  in  most 
cases  of  interest. 


For  the  value  of  E in  Fig.  5,  electrons  with  k*<k<kEL  lose  energy 
on  the  average,  while  those  with  k < k^  and  k > k£E  (for  to T « 1)  gain 
energy  on  the  average.  Thus,  the  Iucky-electron  process  must  take  the  elec- 
tron across  the  barrier  between  k^  and  kg^,  shown  shaded  in  Fig.  5.  This 
is  considerably  more  probable  in  general  than  making  k = Vj  as  discussed 
in  Sec.;.  VI  and  VII.  However,  even  this  easier  process  has  a probability 
that  is  too  low  to  explain  the  experimental  results.  In  Sec.  C- III  it  will  be 
shown  that  if  the  electrons  generated  in  the  avalanche  process  have  k > kgg, 
then  the  lucky-electrcn  mechanism,  with  the  starting  electrons  supplied  by 
cathode  or  impurity  emission,  can  explain  the  dc  data. 
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For  the  case  of  laser  frequencies,  the  factor  ( l + co  ) in  (2. 1)  reduces 

the  value  of  (d£/dt  )g , the  reduction  being  especially  great  at  large  k where 

is  large.  There  is  typically  another  barrier,  or  region  of  (d£/dt  )g  < ( d£/dt )^» 

at  high  values  of  k,  as  illustrated  in  Fig.  5.  At  10. 6 Jim  with  E = 2 MV/cm,  this 

8 -1 

second  barrier  starts  at  k s kj  = 1.6x10  cm  . At  higher  frequencies,  the 
value  of  ( 1 + ) 1 becomes  so  small  that  the  two  barriers  merge,  and  all 

electrons  with  k > k^  lose  energy  on  the  average.  The  lucky -electron  process 
then  must  carry  k all  the  way  to  kj,  which  is  very  unlikely  as  already  shown. 
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Figure  Captions 


Fig.  1.  Schematic  representation  of  an  electron's  path  in  the  presence  of  an 
electric  field  E and  collisions  with  phonons:  Part  (a)  illustrates  the  increase  in 
the  electron’s  energy  by  a dc  electric  field  and  (b)  shows  the  energy  loss  to 
phonons.  At  L in  (a),  the  electron  is  "lucky,"  that  is  it  does  not  suffer  a colli- 
sion for  a long  time,  thereby  gaining  great  energy  from  the  field. 


Fig.  2.  Comparison  of  1.06^m^  (points  ® ) and  dc^  ( hashed  curve ) experi- 
mental values  of  the  inverse  pulse  duration  t 1 with  two  solid  theoretical  curves 

P 

showing  poor  agreement  for  both.  The  preliminary  present  results  (points  0 
and  dotted  curve ) are  discussed  in  Sec.  C. 


Fig.  3.  Comparison  of  the  experimental  results^  with  the  theoretical  results 
(2.4)  and  (2.3)  fit  at  10. 6 ^m  showing  poor  agreement  for  the  frequency  depen- 
dence of  the  breakdown  electric  field.  The  preliminary  present  theory  (points  0) 
is  discussed  in  Sec.  C. 


Fig.  4.  Comparison  of  the  experimental  results^  with  the  result  Eq.  (6. 9)  of  the 
lucky-electron  theory.  The  agreement  is  improved  from  that  of  Eq.  (3. 4)  for  the 
average  electron,  but  is  still  poor.  The  present  theory  (points  0)  is  discussed 
in  Sec.  C. 


Fig.  5.  Wave-vector  dependence  of  the  electron  energy  gain  and  loss  showing 
the  shaded  energy  barriers  of  net  average  loss. 
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C.  PRELIMINARY  THEORY  OF  ELECTRON- AVALANCHE  BREAKDOWN 
IN  DIELECTRICS  BY  LASER  AND  DC  FIELDS 

M.  Sparks 

Xonics,  Incorporated,  Van  Nuys,  California  91406 

Preliminary  results  of  a theory  of  electrical  breakdown  in  dielectrics 
agree  well  in  magnitude  and  shape  with  experimental  results  for  the  pulse- 
length  dependence  and  frequency  dependence  of  the  breakdown  electric  field 
with  no  adjusted  parameters.  The  difficulties  of  previous  theories,  which 
were  recently  shown  to  be  serious,  are  removed  by  the  present  theory,  which 
includes  mechanisms  for  generating  starting  electrons  and  for  initiating  and 
sustaining  an  avalanche.  Mechanisms  of  generating  the  starting  electrons 
include  thermal  and  tunnel  emission  from  imperfections  and  from  the  cathode 
( in  dc  experiments ),  field-induced  emission  from  imperfections,  including 
multiphoton  ionization,  and  multiphoton  excitation  from  the  valence  band. 
Mechanisms  for  initiating  and  sustaining  the  avalanche  include  the  Holstein 
photon-electron-phonon  interaction,  inter-conduction-band  transitions,  and 
at  dc,  the  Seitz  lucky-electron  process  with  free  acceleration  at  high  elec- 
tron energy  plus  a self-sustaining  mechanism.  Although  the  preliminary 
results  are  encouraging,  results  of  additional  work  in  progress  are  needed 
to  determine  the  validity  of  the  theory. 
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I.  INTRODUCTION 

Damage  of  dielectric  materials  by  high  electric  fields,  which  has  been  the 

subject  of  numerous  experimental  and  theoretical  investigations  over  a period 
1 2 

of  years,  ’ has  received  renewed  attention  in  recent  years  as  a result  of  laser 
2b 

damage  experiments.  Elec«.r*  breakdown  of  dielectrics  by  lightning  was  one 
of  the  first  known  electrical  phenomena,  and  laboratory  experiments  of  electrical 
breakdown  in  glass  were  made  in  1799.1  In  spite  of  the  vast  literature  on  the  sub- 
ject, previous  theories  of  electron -avalanche  breakdown  are  inadequate  to  be  pre- 
dictive or  even  to  explain  existing  data.  Difficulties  with  previous  theories  were 
reviewed  in  Sec.  B. 

The  general  features  of  the  present  theory,  which  assuages  these  difficulties, 
are  aa  follows:  There  must  be  a mechanism  to  generate  enough  electrons  to  start 
the  avalanche,  then  there  must  be  a mechanism  to  increase  their  energy  to  the 
threshold  Gj  for  ionization.  This  "ionization"  energy  6j  is  the  energy  at  which 
additional  electrons  are  excited  from  the  valence  band  to  the  conduction  band. 
Mechanisms  of  generating  the  starting  electrons  include  thermal  and  tunnel  emis- 
sion from  the  cathode  (in  dc  experiments ) and  from  imperfections,  field-induced 
emission  from  imperfections,  including  multiphoton  ionization,  and  multiphoton 
excitation  from  the  valence  band.  In  uncolored  sodium  chloride,  for  which  most 
of  our  calculations  to  date  have  been  performed,  the  only  known  impurity  center 
that  is  likely  to  contribute  a sufficient  number  of  starting  electrons  is  the  F center, 
which  lies  1. 94  eV  below  the  conduction  band.  There  are  no  known  shallow  bulk 
levels  in  the  alkali  halides. 
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The  possibility  of  other  imperfections  contributing  to  the  starting  electron 
density  is  unlikely  but  apparently  cannot  be  ruled  out  entirely.  Surface  states  are 
net  expected  to  be  important  in  current  experiments  since  electrons  from  the  sur- 
face would  not  have  time  to  reach  the  focal  volume  during  the  pulse.  The  possibility 
that  starting  electrons  are  freed  from  numerous  very  small  inclusions  apparently 
has  not  been  completely  ruled  out.  However,  experimental  results  indicated  that 
this  process,  as  well  as  other  damage  mechanisms  involving  very  small  inclu- 
sions, is  unlikely.  It  has  been  established  that  large  inclusions  lower  the  damage 
threshold,  of  course. 

Mechanisms  of  increasing  the  electron  energy  to  the  ionization  value  in- 

3 4 3 

elude  the  lucky-electron  pr«»cess,  * average -electron  acceleration,  the  Holstein 
photon-electron-phonon  processes,  ^ and  vertical  inter-conduction  band  transi- 
tions. The  last  two  processes,  which  are  important  because  the  electron  can  ab- 
sorb a full  quantum  of  energy  'flu;  with  high  probability,  are  two  of  the  key  features 
of  the  theory  for  the  laser  experiments.  In  the  Holstein  process,  illustrated  sche- 
matically in  Fig.  1,  the  large  phonon  wave  vector  allows  wave-vector  conservation 
so  that  the  large  photon  energy  huJ  can  be  absorbed  by  the  electron.  Energy  and 
wave-vector  conservation  are  not  possible  at  a single  electron-photon  vertex  (first 
vertex  in  Fig.  la). 

Damage  to  the  crystal  occurs  when  a sufficient  number  of  conduction  electrons 

have  been  generated.  Several  damage  mechmisms  are  discussed.  It  is  shown  that 

2 

excessive  temperature  rise  caused  by  the  Joule  (oE  ) heating  of  the  generated 
electrons  is  sufficient  to  explain  the  dc  experiments.  At  optical  frequencies  the 
Holstein  process  of  absorption  by  the  generated  electrons  and  Joule  heating  are 
sufficient  to  explain  the  experimental  results. 
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Fig.  1.  Schematic  illustration  of  the  Holstein  process  for  photon  absorption 
showing  the  various  combinations  of  phonon  absorption  and  emission.  Tne 
photon  arrows  are  reversed  for  photon  emission. 
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6 2b 

In  the  present  theory,  the  thesis0'  that  the  same  mechanism  is  responsible 
for  breakdown  from  dc  through  0. 694  fim  has  been  abandoned,  although  there  are 
still  common  threads  for  all  mechanisms.  Each  involved  mechanics  for  generating 
starting  electrons  and  for  increasing  their  energies  to  the  threshold  for  ionization. 
It  is  not  surprising  that  different  mechanisms  are  operative  at  different  frequen- 
cies and  different  pulse  durations  since  small  changes  in  the  value  of  Eg  typically 
give  rise  to  large  changes  in  the  electron  ionization  rate,  as  discussed  in  Sec.  B. 
The  factor  of  two  range  in  Eg  as  a function  of  frequency  (see  Sec.  XIV)  is  in  fact 
quite  large.  The  overall  range  of  Eg  reported  . i the  literature  for  the  alkali 
halides  is  well  over  an  order  of  magnitude,  which  is  enormous. 

The  results  of  the  theory  are  summarized  in  Sec.  XIV.  The  agreement  in 
magnitude  and  shape  of  the  pulse -duration  t^  dependence  of  the  breakdown  field 
Eg  with  the  experimental  results  at  1.06fim  are  very  good  for  the  three  decades 
chang.  . tp  with  no  adjusted  oarameters.  The  theoretical  frequency  dependence 
of  Ed  from  dc  through  the  ruby-laser  frequency  also  agrees  well  with  experi- 

D 

mental  values.  The  single  dc  value  of  to,  calculated  to  date  lies  on  the  experi- 
mental curve  of  toc ( Eg) . 

The  good  agreement  with  the  experimental  results  is  encouraging,  especially 
in  view  of  the  facts  that  no  parameters  were  adjusted  to  obtain  the  agreement  and 
that  previous  theoretical  values  of  toc  with  adjusted  parameters  disagreed  with 
experimental  values,  by  tens  of  order:  .»f  magnitude  in  some  cases. 

Nevertheless,  it  must  be  emphasized  that  the  results  are  preliminary.  First, 
the  theory  involves  a number  of  physical  processes,  most  of  which  have  received 
little  or  no  theoretical  or  experimental  attention.  These  include:  the  Holstein 
process,^  the  interband  transitions  between  various  conduction  bands,  the  cross 
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sections  for  electron  ionization  of  impurities,  electron-electron  ionization  cross 
sections,  effect  of  excitons  on  the  electron  processes,  reliable  values  of  the  elec- 
tron relaxation  frequencies,  details  of  the  melting,  fracture,  and  possibly  other 
mechanisms  of  the  final  stages  of  the  damage  process,  a number  of  mechanisms 
that  could  generate  electrons  needed  to  Initiate  the  multiplication  process,  and  a 
calculation  that  includes  the  processes  which  change  the  electron  energy  by  large 
amounts  in  a transport  equation.  None  of  these  processes  are  understood  suffi- 
ciently well  for  accurate  calculation  of  the  value  of  Eg. 

Second,  most  of  the  results  are  obtained  from  rather  rough  estimates.  Dr. 

T.  Holstein  has  suggested  a transport-equation  formalism  that  incorporates  the 
features  of  the  theories  and  will  apply  this  new  approach  to  the  problem.  Further- 
more, in  some  cases  the  breakdown  depends  on  the  values  of  electron- relaxation 
frequencies  T for  which  there  are  no  experimental  values,  and  theoretical  esti- 
mates of  the  values  of  T are  expected  to  be  accurate  to  within  a factor  of  two  or 
so  at  best. 

The  good  agreement  between  the  experimental  and  theoretical  results  is  in 
fact  better  than  had  been  expected  in  view  of  these  uncertainties.  Finally,  the 
theory  is  in  such  an  early  stage  of  development  that  it  is  possible  that  major 
changes  could  evolve.  Thus,  it  is  likely  that  we  now  have  a satisfactory  under- 
standing of  electron-avalanche  breakdown  over  a wide  range  of  experimental 
conditions,  but  there  is  a definite  possibility  that  the  theory  of  avalanche  break- 
down is  still  incomplete. 

The  results  of  the  present  report  indicate  that  there  are  a number  of  areas 
in  which  additional  investigations,  both  experimental  and  theoretical,  would  be 
useful.  The  lack  of  knowledge  of  the  band  structure,  including  the  energy  levels 
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and  wave  functions,  of  the  alkali  halides  is  a serious  limitation  to  the  accuracy 
of  the  calculations.  Some  of  the  same  matrix  elements  appearing  in  the  two- 
photon  absorption  calculations  also  appear  in  the  electron- avalanche  calculations. 

The  band -structure  information  is  needed  in  still  other  studies,  including  self 
focusing,  frequency  doubling,  luminescence,  photoelectric  emission,  and  ordi- 
nary one-photon  absorption.  Accurate  values  of  the  electron-relaxation  fre- 
quencies are  needed.  Other  areas  were  discussed  above. 

All  ac  electric -field  values  are  RMS,  and  the  values  of  the  damage  field 

correspond  to  the  intensity  Iq  at  the  peak  of  the  laser  pulse  in  the  focal  plane, 

2 2 

where  I = I0exp(-r/Wj)  exp  (-0.83  t/tp)  * with  tp  the  full -width-half- 
maximum pulse  duration  and  Wj  the  beam  waste,  that  is,  the  radius  r at  which 

the  intensity  drops  to  1/e  of  the  on-axis  value.  The  relation  between  F,  and  I 
2 

is  I = nfcE  / 4 it. 

Important  results  are  denoted  by  underscored  equation  numbers. 
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II.  AVERAGE -ELECTRON  MODEL 


In  the  average-electron  model  the  average  energy  loss  to  the  lattice  (d£/dt)E 
and  the  average  energy  gained  from  the  electric  field  (d£/dt)E  are  considered. 


Breakdown  occurs  when 


(d£/dt)E  > <d£/dt)L 


for  all  £ < £j,  where  £j  is  the  su-called  ionization  energy  at  which  the  electron 
generates  a second  conduction  electron  by  excitation  across  the  electronic  energy 
gap.  This  model,  which  is  now  believed  to  be  inadequate  to  explain  breakdown 
since  (2. 1)  is  too  stringent  a requirement,  as  discussed  in  Sec.  B,  is  introduced 
here  as  a base  for  the  calculations  to  follow. 

The  rate  at  which  the  field  E adds  energy  to  the  electron  is  obtained  from 
the  wave-vector  equation 


h(dkz/dt  + kz/Tk)  = eE  ( 

where  E is  along  the  z axis  and  k is  the  z component  of  the  electron  wave 
vector  k.  With  E = E ^ exp(iwt),  the  steady-state  solution  is 


v = ct 
z h(  1 + icc ' 


With  current  I = ev,  where  the  velocity  v is  equal  tohk  /m,  the  rate  at  which 
~ ~ z z 

the  field  puts  energy  into  the  electron  is 

(d£/dt)E  = jRe^  • E*  = jRehekzE7m  . 
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Substituting  (2. 3)  into  this  equation  and  using  j E^ » where  E is  the  root 
mean-square  value  of  the  field,  gives 
2 D2 

de\  _ e \E  ,,  , 

~T~  ) Y~T  ^2# ' 

dt'E  m(lftf^) 

2 

which  is  the  well  known  conductivity  result  aE  for  a single  electron. 

The  rate  at  which  the  electron  loses  energy  to  the  lattice  is 


(de/dt)L  = -fiwp/TL 


(2.5) 


where  u>  is  a phonon  frequency,  and  the  relaxation  frequency  T.  is  different 
P J-* 

from  in  (2.4)  as  discussed  in  Sec.  B and  below.  Equating  (2.4)  and  (2.5)  gives 
the  threshold  value  EgL  above  which  the  electrons  gain  energy  from  the  field: 


eel  = 

E>fEL 

where 

1 

( mhco  o? 

f 

F = I 

P 

1 =6.72  MV/cm 

E>  ’ \ 

2 

\ e 

/ 

fEL  = ! 

2 2 
/l+A 

2 2 
' w TV 

TJ 

(2.6) 


The  numerical  value  of  E^  is  for  m = m^  (free  electron  mass),  ficOp  = 1/40 eV 
(for  NaCl)  and  oo  = 1.78  x 10^  sec  (for  X = 1.06)*m),  Values  of  parameters 
are  listed  and  discussed  in  Sec.  XIII . 
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A zeroth-order  approximation  to  the  breakdown  field  Eg  is  obtained  by 
setting  = tl  - T * where  t is  independent  of  electron  energy  £ , as  dis- 
cussed in  Sec.  B.  In  considering  the  avalanche  process  in  greater  detail,  the 
wave-vector  dependence  of  the  gain  (d£/dt)g  and  loss  (d£/ dt)^  is  impor  - 
tant. This  wave-vector  dependence  arises  from  the  wave-vector  dependence 
of  the  electron  relaxation  frequencies  T^  and  T^,  whose  values  are  deter- 
mined by  the  electron-phonon  interaction.  Electron -electron  scattering  is 
negligible  since  there  are  so  few  electrons  in  insulators,  and  the  electron - 
phonon  scattering  is  so  strong  that  scattering  by  impurities  can  be  neglected. 

Consider  the  interaction  of  the  electrons  with  the  longitudinal-optical 
phonons.  If  the  electron  energy  £ is  less  than  the  phonon  energy  the 

emission  process  in  Fig.  2a  cannot  conserve  energy,  and  the  rate  1/Te  for 
the  emission  process  is  zero.  Thus,  the  low-energy  electrons,  with  £ <*0^, 
gain  energy  by  the  phonon  absorption  processes  in  Fig.  2b.  At  zero  tempera- 
ture, the  rate  1/t  for  the  absorption  process  (b)  is  zero  since  there  are  no 
thermally  excited  phonons  to  absorb.  At  very  high  temperatures  (kgT  » fiGOp ), 
1/Te  s:  1/Ta  for  £ > 2.21iWp.  The  general  case  is  considered  in  Sec.  Vlll. 

The  rate  at  which  the  electron  loses  energy  to  the  lattice  is 


d£T  /dt  =*03 1 (1/t  - 1/T  ) = /T. 

L pC  « p -1-' 


The  relation  between  1/tt  = 1/t  - 1/t  and  the  relaxation  time  T,  , which  is 

L*  C Si  K 

the  time  required  for  kz  to  relax  to  1/e  times  its  original  value  and  is  the  re- 
laxation time  in  d£g/dt,  is 


G(k)  _1 

<2np+1>  v 
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where 


-1 


np  = [ exp  (1ia3p/k3T  ) - 1 ] 


is  the  phonon  occupation  number,  and 


G(k)  = £n  (4k2/k2  ) , 


(2.9) 


(2k/kBZ)2£n(2kkBZ/k2), 


for  k < jk^ 


for  k > jkgZ 


This  result  (2.8),  which  is  derived  in  Sec.  VIII,  is  valid  for  k > 2k^. 

The  relaxation  frequency  T^,  which  determines  the  decay  of  a component 
of  the  electron  wave  vector  k,  is  related  to  large  scattering  angles,  while 
determines  the  energy  transfer  to  the  lattice,  which  occurs  in  both  large-  and 
small-angle  scattering.  In  general,  tile  large-angle  process  is  slower,  that  is, 

> T^.  The  relaxation  frequency  1/T^  = 1/T^  + VTe»  which  is  the  relaxa- 
tion frequency  with  both  small-  and  large-angle  scattering  included,  will  not  be 
needed  here. 

The  calculations  of  the  relaxation  frequencies  in  Sec.  VIII  are  based  on 
perturbation  theory,  the  conditions  for  the  validity  of  which  are  valid  for 

7 

£ » Tioo  , but  are  known  not  to  be  satisfied  for  £ - 2110)  since  the  elec- 
P P 

tron-phonon  coupling  is  so  strong.  For  example,  the  electron  is  scattered  in 

8 

a distance  that  is  shorter  than  its  wavelength.  Thornber  a;'.d  Feynman  have 
shown  that  the  rate  of  energy  transfer  to  lattice  is  extremely  l .rge  for  £ — 2hu)p 
Refining  the  calculations  of  the  relaxation  frequencies  in  the  region  £ — 2hu) 
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would  be  of  interest,  but  of  lower  priority  than  a number  of  other  calculations 
discussed  below.  For  the  present  report,  the  perturbation -theory  calculations 
are  used  without  modification.  Fortunately,  the  resulting  values  of  the  break- 
down field  are  not  too  sensitive  to  the  values  of  the  relaxation  frequencies  at 
6 2:  2fiu>p  in  most  cases,  assuming  that  using  reasonable  values  of  and 
has  meaning. 


In  addition  to  the  scattering  by  longitudinal-optical  phonons,  the  scattering 

3 

by  acoustical  phonons  appears  to  be  nonnegligible,  as  pointed  out  by  Seitz. 

The  value  of  the  relaxation  frequency  for  this  latter  process  has  a peak  near 
k -•  kg^ » where  kg^  is  the  value  of  k at  the  Brillouin  zone  boundary,  where 
its  value  is  of  the  same  order  of  magnitude  as  the  perturbation -theory  value  of 
the  longitudinal-optical  peak.  The  theoretical  results  of  Sec.  VIII  are  displayed 
as  plots  of  1/t^  and  1/tl  as  functions  of  k. 


From  these  plots  of  the  relaxation  frequencies,  curves  of  (d£/dt)E  and 
(de/dt)^  are  sketched  in  Fig.  3 and  discussed  in  Sec.  B.  For  the  present 
purpose,  a brief  review  of  the  case  of  tor^  « 1 will  suffice.  If  E is  suffi- 
ciently great,  as  marked  "greater  E"  in  the  figure,  then  (d£/dt)g,  is  greater 
than  (de/dt)^  for  all  £,  and  avalanche  occurs  if  there  is  sufficient  time  and 
starting  electron  density.  It  will  be  shown  below  that  the  breakdown  require- 
ment that  (d£/dt)g  be  greater  than  (d£/dt)^  *s  too  stringent  in  general, 
and  that  breakdown  can  occur  at  lower  values  of  E , as  already  mentioned.  For 
the  lower  value  of  E shown  in  Fig.  3,  (d£/dt)g  is  greater  than  (d£/dt)^  for 

k > knT  , but  is  less  for  k.  < k < k„T  . 

EL  x EL 
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Determining  how  the  electron  gets  through  this  barrier,  shown  as  the  shaded 
region  between  and  in  the  figure,  i,e. , how  the  wave  vector  k is  in- 
creased from  k^  to  kg,^,  is  one  of  the  tasks  of  the  theory.  The  case  of  cot^  > 1 
illustrated  in  the  dashed  curve  is  discussed  in  Sec.  IV. 


In  passing  it  is  mentioned  that  tne  explicit  temperature  dependence  of  eel 

9 9 2 

in  (2.6)  is  different  in  two  limits  of  » 1 and  to  « 1.  In  the  high- 

temperature  limit  of  2 n^f  1 e:  2kgT/'fitOp,  using  1/  ~ 2 n^+  1 and  the  fact 

that  1/tl  is  not  an  explicit  function  of  temperature  in  (2.6)  gives 


d/T,) 

<v1/2 


1/2 


~ T1/2 
t-1/2 


for  <o2t2  « 1 
for  to2r^  » 1 . 


In  considering  the  temperature  dependence  of  Eg,  the  temperature  dependence 
of  a^ , N+,  and  co^  must  be  included.  What  is  even  more  important,  the  tem- 
perature dependence  of  the  various  processes,  such  as  thermal  emission  from 
the  cathode  and  from  impurities,  and  the  Holstein  process  must  be  included. 
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III.  BREAKDOWN  AT  DC 


It  will  be  shown  for  dc  electron -avalanche  breakdown  that  the  starting 


electrons  are  thermally  emitted  from  the  cathode  and  that  the  "lucky  electron" 


process  of  collisionless  acceleration  carries  these  electrons  across  the  barrier 


to  wave  vector  kEL  ^ 0.67  kgZ  = 7.4X  10^  cm  1 (egL  ~ 2.5eV). 


Any  theory  which  is  to  survive  as  tenable  must  explain  all  of  the  available 


data,  a large  fraction  of  which  is  at  dc  in  the  case  of  electron-avalanche 


breakdown.  Thus  dc  breakdown  will  be  considered  even  though  it  is  not  of 


direct  interest  in  the  present  study.  The  treatment  is  brief,  and  space-change 


effects  are  neglected.  It  appears  that  they  could  be  included  without  difficulty. 


but  this  would  carry  us  too  far  afield  in  this  preliminary  report.  The  possibility 


that  the  usual  mechanism  of  space-change  lowering  of  the  value  of  Eg  does  not 
strongly  affect  results  below  should  be  considered  in  a complete  treatment  of 


dc  breakdown. 


According  to  (2.6)  with  co  = 0 and  1.28  tl  — ^ — 1-39  x. 10  sec  at 


k si  2kp,  the  values  of  E required  for  electrons  with  any  energy  to  be  acceler- 


ated is  E = 3.07  MV/cm.  For  lower  values  of  E , electrons  with  wave  vector  k 


on  the  range  k^  < k < k£I  lose  energy  on  the  average,  as  discussed  in  Sec.  II. 


The  value  of  k£L  is  determined  by  (2.6)  with  and  functions  of  k.  For 


example,  for  Cgj  = 1.5eV(or  kEJ  s:  j-kg^),  the  values  of  and  are 

« nn  r.  o , i/\"15 r / n nnv  1 /n  1 1 r ■ . i . i l tr\  . 


1.28  = \ ~ 2.04x10  sec  from  (8.38)  and  (8.39).  With  these  values,  (2.6) 

gives  EgL  = 2.09  MV/cm.  Electrons  with  k < kgE  are  said  to  be  in  the 


barrier. 


For  the  experimental  value  of  E * 1 MV/cm,  the  barrier  extends  to  kgE 
0. 67kgZ<  Some  electrons  with  k < k^E  are  accelerated  to  k = by  the 


56 


Sec.  C 


"lucky  electron"  process  of  acceleration  by  the  field  without  undergoing  large- 
angle  collisions.  Recall  from  Sec.  B that  the  electron-phonon  collisions  limit  the 
energy  absorbed  by  the  field  and  that  is  an  average  time  between  collisions. 
An  electron  that  happens  to  suffer  no  large-angle  collision  for  a long  time  may 
absorb  sufficient  energy  to  bring  k up  to  the  value  k^^.  Then  for  k > kg^ 
the  electron  is  accelerated  to  k = kj,  at  which  wave  vector  another  conduction 
electron  is  generated  across  the  gap. 

We  have  shown  that  the  four  processes  of  thermal  and  tunnel  electron  emis- 
sion from  the  cathode  and  from  impurities,  with  the  barrier  lowered  by  the  field, 
are  potential  sources  of  the  starting  electrons.  At  room  temperature  in  NaCl, 
thermionic  emission  from  the  cathode  is  the  strongest  of  these  processes. 


result 


The  thermionic-emission  current  from  the  cathode  is  given  by  the  well  known 
i ,9,2a 


J = J0e 


"0red/kBT 


(3.1) 


where 


JQ/e  = 1 3(5fHc  ) \~m~  ) 6.  83  x 1025 electrons/cm2  s c , 


0red  = 0 ‘ ’ 


A0  = e3/2n"1  E1/2  = ( — W - 0.253  eV 

r \ nr  / \ 1 MV/cm-1  / 
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determined  by  requiring  the  chemical  potential  p to  be  continuous  at  the  metal- 

dielectric  interface,  as  illustrated  in  Fig.  4.  The  continuity  of  p is  required 

since  the  electron  flow  is  proportional  to  the  gradient  of  p so  that  a discontinuity 

in  p would  imply  a 6 function  in  the  electron  flow.  It  is  assumed  that  0 = - p 

is  equal  to  one-half  the  ground  state  energy  Ep  of  the  F center,  or  0 = 0.  7eV 

in  NaCl.  See  the  discussion  on  p.  313  of  Ref.  9,  where  it  is  shown  that  -p  = ^Ep 

+ jkgT  £n(ng/np)  where  n^  = 2 (2  ir  mkgT/fi^  ) = 5.  98  x 10^*  cm "®,  np 

is  the  density  of  F cericers,  and  p is  chemical  potential  measured  with  respect 

to  the  bottom  of  the  conduction  band.  The  numerical  value  of  ng  is  for  m = 

and  room  temperature.  The  term  ^-kgT  £n(ng/np)  is  marginally  negligible  at 

13  -1 

room  temperature  if  np  = 5 x 10  cm  , as  discussed  in  Sec.  D.  At  higher 
temperatures,  this  term  increases,  thereby  increasing  the  barrier  height  0. 

The  possible  increase  in  the  breakdown  field  from  this  effect  is  not  realized  in 
typical  cases  since  other  temperature  effects  are  stronger.  Notice,  for  example, 
the  factor  1/kgT  in  (3. 1).  However,  it  is  possible  in  principle  to  reduce  the 
value  of  Eg  bv  increasing  the  impurity  F- center  concentration. 

Next,  the  probability  PT(  t ) that  an  electron  with  relaxation  time  T = 
will  go  for  time  t without  making  a collision  is,  from  Sec.  XII, 

- t 0 / T ) 

PT(t)  = e (3.2) 


where 

(1/t)  = t" 


1 S'-1 


(1/T)  = R/T. 


1/2 


(3.3) 


with  Tj^2  defined  as  the  value  of  at  k = kg^.  Values  of  R are  calculated  in 
Sec.  XII . The  value  of  t of  interest  here  is  the  time  requi  ed  for  an  electron  to 
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Fig,  4,  Energy  levels  at  the  metal-dielectric  interface  showing  the  barrier  0. 

3/2  -1  1/2 

The  barrier  reduction  e n E ' is  not  shown  on  the  figure. 
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acquire  energy  (or  k = k^j  ).  The  relation  between  k and  t for  the  time 
between  collisions  is  determined  by  the  equation  of  motion 

i (cot  + 0) 

dk„/dt  = e Re  E . e 

<U  pK 


where  Re  denotes  the  real  part,  and  the  general  case  of  arbitrary  to  is  con- 
sidered for  additional  use  in  Sec.  IV.  The  solution  with  k = 0 at  t = 0 is 

z 


i0  / iwt  \ 
kz  = Re(eEpk/ifico)  e le  -1  j 


- (e  E , /fiu) ) [ sin  (tot  + 0)  - sin  0 ] 

pK 


(3.4) 


For  the  dc  case,  setting  to  = 0 = 0 and  Epk  = E gives  kz  = eEt/fi.  Substi- 
tuting this  result  and  (3.  3)  into  (3.2)  gives 


PT(kEL>  * exp(-1iRkEL/eT1/2E) 


(3.5) 


After  every  collision,  an  electron  has  another  "try"  to  gain  the  required  wave 

vector  kgL*  ^1US»  3X1  electron  makes  t^/T^  tries  in  time  t^  on  the  average, 

where  t^  is  the  time  required  for  the  electron  to  traverse  the  sample  of  length  Z 

and  is  the  value  of  for  the  electrons  in  thermal  equilibrium.  The  value  of 
_2 

Z = 3.2  x 10  cm,  which  corresponds  to  Eg  = 1 MV/cm  in  the  experiments  of 
Watson  and  ccworkers,^’  3 will  be  used  here.  The  value  of  t^  is  related  simply 
to  the  mobility  ji  by  the  relation 


h = 


(3.6) 


where  the  subscript  th  denotes  that  the  appropriate  mobility  is  that  of  the  elec- 
trons in  thermal  equilibrium  (in  the  presence  of  the  field).  The  number  of  electrons 
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that  traverse  the  sample  in  time  t is  (J/e)  &t  where  £ is  the  area  of  cathode. 
The  total  number  of  tries  N in  time  t is  therefore 

N(  = (J/elVt/r^^E 


where  V = is  the  volume  of  the  sample  exposed  to  the  high  field, 
s 

Setting  the  probability  of  success  N^P^kg^)  e<^ua^  t0  one  and  using 

(3. 1)  and  (3.5)  gives 


<J0/e)Vt 


exp 


*red  . hRkEL\ 

k^T  eTj^E  j 


1^ 

2 


(3.7) 


which  is  a transcendental  equation  for  E,  with  k£L,  ^red’  aild  R functions  of 
E according  to  (2. 6),  (3. 1),  and  (3.  3).  A convenient  form  of  (3. 7)  is  obtained  by 
taking  the  logarithm  and  using  {^el/T^BZ  ^ ~ 33  (lMVcm  4/E)  ' , which 

is  derived  from  (2.6),  (8.38),  and  (8.39)  with  the  small  variation  from  the  loga- 
rithm term  neglected.  The  result  is 


( 1 MV/cm  ) = 


3°-0  (A)  ( 


in  15  \ 

10  sec  ! 


2/3 


( E ] 

|+  10.12  | 

f E ^2| 

\ 1 MV/cm ) 

(l  MV/cm/  ' 

l nr  / \ 

(3.8) 


for  E ^ 1. 97  MV/cm  ( in  other  words,  kg^  > jj-kg^).  ^ere  R is  defined  as 


14. 6 B = 53.4+  £n 


(sm)  (%)  (6.6xlo-5cm3 


2 

/ t \ / 20  cm2/ V sec  \ 

\ 10‘6sec  ' ' ^th  ' 


- 38.8 


(3.9) 


61 


Sec.  C 


The  simple  numerical  solution  of  (3.8)  with  R given  by  (12.7)  and  (12.8) 
gives  Eg  = l.OMV/cm  for  the  NaCl  case,  which  agrees  with  the  experimental 
valuelu'  a of  E = l.OMV/cm.  There  are  no  adjustable  parameters  in  the  theo- 
retical result. 

In  setting  the  probability  NtPT(kEL)  equal  to  1/2  in  (3.7),  it  is  tacitly 
assumed  that  once  an  avalanche  is  started  by  getting  one  electron  with  k = ^EL» 
it  will  be  sustained.  The  validity  of  this  assumption  is  not  known.  However,  it 
does  seem  plausible  that  the  assumption  is  valid  since  the  electron  with  £ = £j 
is  being  accelerated  rapidly  because  (d£/dt)g  » (d£/dt)L  at  such  high  en- 
ergy. In  fact,  it  is  shown  at  the  end  of  the  present  section  that  it  is  likely  that 
an  electron  with  £ = £j  will  be  accelerated  to  £ ^ £j  + 4eV  without  suffering 
a collision.  Hence,  it  is  likely  that  its  energy  will  be  greater  than  £j  by 
more  than  a fraction  of  an  electron  volt  at  the  time  of  the  ionization  process. 

If,  for  example,  r’\e  energy  is  £j  + 6£  with  6£  > 2£EL,  the  excess  energy 
6 £ will  be  shared  by  the  original  and  newly  generated  conduction  electrons. 

Then  one  or  both  of  these  electrons  will  have  k > kEE»  depending  on  the  value 
of  6£  and  on  what  fraction  of  6£  each  electron  receives.  Notice  that  all  that 
is  required  to  sustain  the  avalanche  is  that  more  than  one  of  the  two  electrons 
attain  k >kEE  on  the  average.  It  is  important  that  this  assumption  of  a sus- 
taining avalanche  be  satisfied.  If  both  electrons  have  k « kgL  on  the  average, 
then  Eg  will  be  closer  to  the  value  EEL  = 3‘  07  MV, 'em  than  to  the  smaller 
value  of  E = l.OMV/cm  from  (3.8). 


The  value  of  t = 10  ^ sec  was  chosen  in  (3. 9*  as  a reasonable  number. 
Fortunately,  the  value  of  Eg  is  insensitive  to  the  value  of  t.  For  example, 
increasing  t from  10  ^ sec  to  one  minute  reduces  Eg  from  l.OMV/cm  to 
0.  82  MV/cm. 
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Another  tacit  assumption  made  in  the  derivation  of  (3. 8)  is  that  the  sample 
is  sufficiently  thick  for  the  avalanche  to  produce  the  required  number  of  conduc- 
tion electrons  before  the  electrons  are  swept  into  the  anode  by  the  field.  It  can 

-2 

be  shown  that  this  condition  is  fulfilled  in  the  present  case  in  which  1 = 3.2  x 10 
cm"*.  For  thin  samples,  the  condition  is  not  satisfied,  and  the  required  time  for 
the  avalanche  contributes  to  the  increase  in  Eg  with  decreasing  sample  length,  in 
addition  to  the  contribution  from  Vg  = OCX  in  (3.  8). 

The  dependence  of  the  breakdown  field  Eg  on  temperature,  sample  length 
i , and  material  parameters  will  be  discussed  in  a subsequent  report.  Cursory 
investigations  indicate  that  the  present  theory  affords  a satisfactory  explanation 
of  the  experimental  obf  > -vations.  In  particular,  the  theory  appears  to  afford  the 
first  explanation  or.  J.e  increase  in  Eg  with  Increasing  temperature  at  low  tem- 
perature followed  by  a decrease  in  Eg  wk  increasing  temperature  at  high 
temperature  use. 


Consider  the  probability  that  an  electron  with  initial  energy  £j  will  be  ac- 
celerated to  Gj  + 4eV  without  collisions.  From  (3.2),  the  probability  is 


P = 


<1/Tk> 


(3. 10) 


where  t is  the  time  required  to  increase  £ from  E,  to  £T  + 4eV  in  the  ab- 
nc  II 

sence  of  collisions.  From  (3.4)  with  kj  along  the  z axis  and  E = 1 MV /cm 

^(k  - kj)  . 

t L_  = 2.13x10  sec  (3.11) 

nc  e E 


10  .1 

where  k = kj  + kg  = 1.78  x 10  cm  is  the  wave  vector  for  £ = £j  + 4eV 
= 12.  leV.  From  (12.  4)  and  (8. 38) 
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1 1 
T V 


i 

\ 


k,+k6 


d k ( kj  / k ) 


j_  ki 
= ti  ^ 


1 - 


d+Vki) 


With  Tj  = Tk(k  = kj)  = 2.84xlO'14sec_)  and  kg/kj  = 0.222,  this  gives 


<1/Tk>  = (3.82  x 10'14  sec)’1 

Substituting  (3. 11)  md  (3. 13)  into  (3. 10)  gives 
P = 0.572 

which  is  large,  as  mentioned  above. 

It  remains  to  be  verified  that  (dG/dt)^  is  negligible  during  this  time. 


= 0. 174  eV  . 

This  value  of  0. 174  eV  is  negligible  with  respect  to  the  4eV  gained. 
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IV.  BREAKDOWN  AT  10  'im 


In  this  section  it  will  be  shown  that  for  electron-avalanche  breakdown  at  the 
C02  laser  frequency,  the  starting  electrons  are  excited  from  F centers  by  multi- 
photon absorption  and  that  the  Holstein  process,  and  possibly  the  lucky -re ver sing- 
electron  process,  are  sufficient  to  accelerate  the  electron  to  k£L  a j s k^2 
(or  £el  a 1. 5eV).  It  appears  that  the  value  of  Eg  at  10. 6flm  at  room  tempera- 
ture and  below  may  be  more  accurate  than  other  calculated  values  since  the  for- 
mer depends  only  on  the  ratio  , rather  than  on  the  values  of  T^. 

First  consider  the  effect  of  the  dependence  of  the  relaxation  frequencies  on 

the  electron  wave  vector.  The  value  EgL(k)  of  E at  which  (d£/dt)g 

= (d£/dt)L  for  a particular  wave  vector  k is  given  by  (2.6).  The  following 

14 

values  of  parameters  in  (2.6)  will  be  used:  "TicOp  = 1/40  eV,  to  = 1.78  x 10 
sec'1,  and,  for  k > kJ/2 , oo2  t£  =0.132  (k/kJ/2)6  and 


-A  = 1.28 

TL 


(*&)(&) 


(4.1) 


where  the  values  of  and  are  from  Sec.  VIII.  With  these  values,  (2.6)  gives 


■a 


1 + 0. 132(k/k1/2)6 


132(kA1/2)6  mf  5'53  + in 


a 

2.16  \ 
In  +1  I 
P / 


0.760  MV/cm  . 
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The  values  of  Egg  from  (4,2)  for  k > from  (2.6)  for  k = kp  at 

several  values  of  k are:  Egg  = 5.7lMV/cmat  k = k^ ; Egg  = 1.93MV/cm 

at  k = k^i  ®EL  = l*52MV/cmat  k = kgZ;  and  Egg  = 1.87  MV/cm  at 
8 “1 

k = kj  = 1. 46  x 10  cm  = 2. 64  k^  • From  these  values  it  is  seen  that  for 
Eg  = Egi^kj)  = 1.87MV/cm,  E is  greater  than  Egg  for  kj  > k >kgg 
2-  Thus,  an  average  electron  with  k > k^  is  accelerated  to  k = kj, 

where  it  generates  another  conduction  electron. 

« "8 

For  this  value  of  Eg  = 1.  87  MV/cm,  and  t 2 3 10  sec,  there  appears 
to  be  no  difficulty  in  getting  electrons  across  the  barrier  to  kgg  = ^\n 
one  of  several  processes.  For  example,  the  average  values  on  the  interval  kp  to 
kgg  of  the  frequency  for  the  Holstein  process,  in  which  an  electron  gains  energy 
fico  = 0.  117  eV  is,  from  Sec.  IX, 


«„  - ( ^-rr)2  2. 

n \ 1. 87  MV/cm  / 


IS  -1 
61  x 1013  sec  1 


(4.3) 


The  time  constant  tleV  for  an  electron  with  £ = 1.5eV  to  lose  :ts  energy  to 
the  lattice  is  obtained  by  integrating  (2.5),  wh'ch  gives 


1 <;  ev 

'lev  = 

P L 


(4.4) 


Replacing  the  time  average  of  1/Tg  by  the  average  of  k,  as  in  Sec.  XII,  and 

using  1/T.  from  Fig.  7 of  Sec.  VIII,  gives,  for  the  average  on  the  interval  k to 
L,  p 


t 2:  k 

Kl.  5 eV  K 1/2 

< 1 / Tg  > = 9.2  x 1014sec_1  = (1.09  x 10'15  sec)"1 


(4.5) 
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Substituting  (4.5)  into  (4.4)  and  using  = 1/40  eV  gives 


t.  = 6.52  x 10  ^ sec 
leV 


Since  tj  5eV  is  greater  than  13/ toH  = 4. 93  x 10’15  sec,  this  estimate  suggests 
that  the  Holstein  process  is  sufficient  to  generate  electrons  with  k = kj^  • 


The  generation  rate  is  dn£/dt  = tocnc,  where  toc  s*  to^/13  = 2.01  x 10 


14 


-1 


sec  , very  roughly.  This  value  of  oo,  is  well  above  the  value  wc  ^ 


o 

= jtn(nc/ncg)/tp  **  10  sec  * (from  Sec.  XI)  required  to  cause  failure. 


-1 


The  lucky-reversing-electron  process  discussed  in  Sec.  B also  may  be  suffi- 
cient to  take  the  electrons  from  k to  k.  n , although  the  result  is  marginal  and 
the  estimate  is  crude.  Very  briefly,  the  maximum  value  of  k an  electron  can 
gain  between  collisions  is  the  peak-to-peak  value 


2/21eE 

•fico 


( I ) 

\ 1.  87  MV/cm  / 


4. 53  x 107  cm-1 


(4.6) 


from  (3. 4)  with  Ep^  = /2f  E 


RMS  = V^1E.  The  value  of  k^2 


k is  5.55 
P 

7 fi  7 

x 10  - 7. 04  x 10  = 4. 85  x 10  cm  . Thus,  one  process  of  gaining  k = 2 p^ 


is  sufficient  to  make  k = kg  g , very  roughly. 


From  (3. 10)  the  probability  of  the  electron  going  one-half  cycle  (t  = 1/2  v 
= ir /to)  without  a collision  is 


-(ir/<o)  <1/7 ■>  , 

P,  (ff/w)  = e * = 1.98  x 10  3 (4.7) 

Tk 


where  the  numerical  values  are  for  rr/u)  = 1.76x  10  ^sec  and  (l/r^ ) 

= (1. 63  x 10"15  sec)’1.  For  to  » 1 , so  that  the  electron  makes  at  least 
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2 2 -13 

where  rQ  = e /mfc  = 2.82  x 10  sec,  f is  an  oscillator  strength  usually 
assumed  to  have  the  value  f as  1 , I is  the  intensity,  nr  the  index  of  refraction, 
Ato  2:  0.46eV  the  line  width,  and  G(w)  is  the  line-shape  factor  normalized  to 
G(io)  = 1 at  the  absorption  peak.  The  numerical  value  displa^d  in  (4.9)  is  for 
the  case  of  I = 13.  0 GW/cm  (or  E = 1.87  MV/cm),  f = 1,  to  = 1.78  x 10^,  nr 
= 1.  5,  m = j m^,  A to  = 0. 46  eV  = 7.  01  x 10^  sec,  and  G (to)  = 1 . 

For  three-,  four-,  and  higher-order  photon  processes,  each  additional 
order  introduces  a factor  a of  order 


_ .2  f.  . m 
e E 3 l j 

imto  I 7 £.  . 

i J 


(4. 10) 


where  the  "A  . p"  Hamiltonian  is  K = (e/mc)  p • A = (eE/mto)  F.  • (- ifiV ) 
and  f. . is  the  oscillator  strength  for  the  transition  from  states  |i)  to  |j).  For 

9 

a hydrogenic  F center  with  2.7eV  between  the  first  two  levels,  the  spacing 
between  levels  two  and  three  is  =0.50  eV. 

Approximating  G^ . by  ^3  “ (4. 10)  gives 


a = ( 1. 78  fvT^cm  ) (i^)(ob)  °'29  * 


The  value  of  the  oscillator  strength  f^  for  the  2-3  transition,  which  is  expected 

12 

to  be  slightly  smaller  than  that  of  the  1-2  transition,  is  assumed  to  have  the 
value  f2£  = 0.25.  For  absorption  to  the  value  2.2eV  in  the  NaCl  F band  (where 
G(u))  2:  1/10), 9 the  number  of  photons  is  2.2/0.117  = 19.  Thus 
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WF19  25  WF2^®)19  2 = 5.01  x 10^  cm"1  . 

1 -8 

The  number  of  carriers  generated  in  time  t = 10  sec  is 

p u 

nc  - lp  = 8-34xl°9cm  3 

which  is  a sufficient  starting  density. 

It  must  be  verified  that  there  are  starting  electrons  in  the  focal  volume  . 

For 

3 

Vf  = -£■  |^70xl0_4j  10  = l.Ox  10"7cm"3 

there  are  nVf  = 834  electrons  in  the  focal  volume,  which  is  of  course  sufficient. 

38 

It  should  be  mentioned  that  Wp19  is  proportional  to  E ; thus,  a small  re- 
duction in  E causes  a great  reduction  in  n£  . For  example,  a 20  percent  re- 

-4 

duction  in  E causes  a factor  of  2. 1 X 10  reduction  in  n£  . Finally,  when  the 
electric  field  is  so  high  that  the  higher-order  processes  have  approximately 
the  same  values  of  uip  as  in  the  present  case,  the  perturbation-thecry  results 
cannot  be  taken  as  exact,  but  only  as  an  indication  that  the  higher-order  pro- 
cesses do  have  large  values  of  (Up . 

The  theoretical  value  of  Eg  = 1.87  MV/cm,  obtained  from  the  condition 
Eg  = Epp  atG  = Cj,  is  in  excellent  agreement  with  the  experimental 
value*'*  of  1.95  ± 0.20  MV/cm. 
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V.  BREAKDOWN  AT  1.06fim 

It  will  be  shown  that  the  starting  electrons  are  generated  by  two-phctoo 
absorption  by  the  F centers  and  that  these  electrons  gain  energy  £ > £j 
by  the  Holstein  process  plus  vertical  inter -conduction -band  transitions. 

Consider  the  starting  electrons.  The  case  of  a 10  nanosecond  pulse  length 

t is  considered  first;  then  the  effect  of  changing  t will  be  considered.  The 
F P 

rate  of  generation  of  conduction  electrons  by  the  two-photon  ionization  of  ground- 
state  F centers  is 

(dnc/dt)p2  = wF2np  (5.1) 

where  np  is  the  number  of  F centers  per  unit  volume  in  the  ground  state  and 
oo  F2  from  (4.  8)  can  be  written  as 

_ f2  / E \4  / 1.5  \2  / X \4  / mf  \2 

WF2  ' OS  ( OTMV7cm  j \1T)  ( 1.06  Jim/  \T^  ) 

x (0,^CV  ) Cx(w)  2.74  x 1010  sec"1  . (5.2) 

2 

where  the  product  f of  the  two  oscillator  strengths  is  taken  as  ( 1)(0.25)  as 
discussed  in  Sec.  IV.  With  n£  + n^  = n^g  + npg  from  conservation  of  electrons, 
where  the  subscript  zero  denotes  the  time  t = 0 at  which  the  laser  is  turned  on, 
(5.1)  gives,  with  subscript  F2  on  dn£/dt  dropped 

dnc 

"d it”  = aJF2  -nF0  + nc0)  ‘ ^"c 
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The  solution 


n - n 


cO 


= n 


FO 


(l-e'“F2‘) 


(5.3) 


shows  that  n£  approaches  npQ  exponentially  with  time  constant  l/u>P2  * which 

has  value  3.65  x 10  ^(2. 1 MV cm  */E)^  sec  for  the  present  example,  with 

G(co)  = 1/10  for  NaCl  at  300  K.  Since  this  value  of  3.65  x 10  ^ sec  is  short 

*8 

with  respect  to  the  laser  pulse  duration  of  10  sec,  most  of  the  F centers  are 

- 13 

ionized  early  in  the  pulse.  Similarly,  at  E = 12  MV  /cm,  l/ooc  = 3.42x10 
sec  is  short  with  respect  to  the  pulse  duration  of  1.5  x 10  11  sec.  Thus,  the 
number  of  starting  electrons  can  be  taken  as  the  number  of  F centers  npg. 


In  the  subsequent  multiplication  process,  the  npQ  conduction  electrons  are 
assumed  to  be  in  thermal  equilibrium  (in  the  presence  of  the  electric  field).  It 
can  be  shown  that  the  electrons  have  energy  G « 'flu)  = 1.  17  eV,  except  for  a 
few  electrons  in  the  tail  of  the  distribution.  These  electrons  gain  the  required 
ionization  energy  Gj  as  follows.  For  energies  greater  than  ~3eV,  the  vertical 
inter -conduct ion -band  process  discussed  in  Sec.  X appears  to  be  sufficient  to 
increase  G to  Gj.  The  value  ot  3eV  is  attained  by  the  Holstein  process  acting 
three  times.  These  two  processes  are  illustrated  schematically  in  Fig.  5, 
where  H denotes  the  Holstein  process  and  V the  vertical  interband  process. 
The  phonon  scattering  P changes  the  direction  of  k rapidly.  The  energy  change 
-fi^LO  at  each  phonon  scattering  event  is  small  with  respect  to  fiu)  - 1. 17eV. 

The  first  Holstein  process  generates  electrons  with  G ==  Tuo  at  the  rate 


drWdt  UJH(kBT)nc 


(5.4) 
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where  co^(k^T)  is  the  value  of  uo^  at  £ = k^T  = l/40eV,  as  considered  in  Sec. 
IX.  These  electrons  with  energy  £ a "ho:  have  probability  P+2  of  being  accel- 
erated to  £ = 3eV  by  two  subsequent  Holstein  events,  where  the  value  of  P4-2 

( T ) 

can  be  estimated  as  follows.  By  integrating  the  probability  P+  = P+  (t) 

- 1 - exp(-t/T)  2;  t/T  that  an  electron  having  collision  frequency  T will  have 
a collision  in  time  t « 7,  it  can  be  shown  that 


-t/T  1 2 

P+2  = 1 - (1+  t/T)  e a j (t/T)  * 


(5.5) 


In  general,  P+n  = ( t / n ) / n l is  the  probability  that  the  electron  will  have 
n collisions  in  time  t T. 

The  value  of  t in  (5.4)  must  be  sufficiently  short  that  the  electron  does  not 
lose  its  energy  to  the  lattice  more  rapidly  than  it  gains  the  energy  nhco  in  the 
Holstein  collision  process.  In  the  initial  and  two  subsequent  Holstein  processes 
the  electron  gains  energy  3fia)  = 3. 5eV.  Thus,  the  value  of  t is  chosen  as  the 
time  tj^2  required  to  lose  jeV. 

Combining  (5.  4)  and  (5.5),  with  T = 1/gOj _j  and  t = tj^2»  £ives 


dn  /dt  = go  n 
c c c 


(5.  6) 


with 


“c  “ I t0H(kBT)  WH  El/2 


(5.7) 


An  approximation  to  t^  is  obtained  as  for  tjgV  in  (4.4)  bv  integrating 
the  energy  loss  to  the  lattice,  (d£/dt)^,  in  (2.5)  to  obtain 
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eV 


1/2  - 


(5. 8) 


The  average  of  ( l/T^)  on  the  interval  t = 0.5  to  2.5eV,  which  is  easily  ob- 
tained from  a numerical  integration  of  the  1/T^  curve  in  Fig.  7 of  Sec.  VIII,  is 

<i./Tt>  = 7.6x  1014sec_1  . 

L 0.5-2.5eV 


With  = 1/40  eV  in  (5.8),  this  gives 

tj^  = 2.63  x 10”14  sec 


(5.9) 


The  average  value  of  oo^  on  the  interval  0-2  eV  is  used,  where  •‘he  shift  in  the 
interval  from  that  of  <1/tl)  is  to  account  for  the  fact  that  the  phonon  collisions 
reduce  the  value  of  6 after  the  increase  by  the  Holstein  process.  ( In  a more 
rigorous  treatment  in  progress,  such  arguments  are  taken  into  account  auto- 
matically. ) A numerical  integration  using  the  values  given  in  Sec.  IX  gives 

2 

(Vo-2eV  = L7*  10‘2*c‘1  • 


With  these  values  and  with  Wpj(kgT)  = (E/2MVcm*)  1.43  x 10*^  sec  *, 
(5.7)  gives 

wc  = ( 2 MV/cm  ) i-43*  109^1  • (5*10> 


Substituting  (5. 10)  into  (11.4)  and  solving  for  Eg  gives 
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EB  = 


/ 10,9  + 

\ L 


4 In  (E/2  MV  cm 


43  x KT  t 


hf  . 


(5.11) 


In  obtaining  (5.11),  the  following  value  of  cr  from  (11.2)  and  (11.5)  was 


used: 


or  = cr.  + a,  = 1.01  x 10  ^ + 6.02  x 10  ® = 1.61  x 10  7 cm3/ sec  . 

tot  1 n 


1 -8 

With  t = tX  10  sec,  where  the  factor  of  1/3  is  discussed  in  Sec.  XIII, 
P 


14 


(5. 11)  gives  Eg  = 2.30  MV/cm,  in  good  agreement  with  the  experimental  value 
2 

of  2. 1 ± 0.4  MV/cm  . Plots  of  this  result  along  with  results  below  are  given  in 
Sec.  XIV. 


The  dependence  of  Eg  on  the  laser  pulse  duration  t can  be  obtained  as 
1 -9 

follows.  For  t = -i-  (4.7  x 10  sec),  (5.11)  gives 
P 


Eg  (4. 7 x 10  9 sec) 
Eg(10‘8  sec) 


= 1.11 


14 


in  agreement  with  the  experimental  value  of  1. 1 ± 0.05. 
t 

P 


For  t = i(3xJ0  ^sec),  (5.11)  gives 
P 


Eg  = 4.3  MV/cm 


again  in  good  agreement  with  the  experimental  value*3  of  4.7  ± 0.4  MV/cm 


.1 


v-11 


At  t = (3. 0 x 10  sec),  (5.11)  gives 

P ^ 


Ed  = 6.41  MV/cm 

D 
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compared  with  Eg  = 7.35  MV/cm  from  experiment.^  Finally,  at  t 
= ^ ( 1.5  x 10* 11  sec),  (5. 11)  gives 

Eg  = 7.24  MV/cm 

14 

which  is  in  poor  agreement  with  the  experimental  value  of  12.4  ± 3.7. 

There  are  a number  of  possible  reasons  for  the  poor  agreement  at  the 
shortest  pulse  duration  of  15  psec.  The  most  likely  reason  at  present  appears 
to  be  that  the  value  of  toc  becomes  limited  by  the  inter-con.''iction-band  pro- 
cesses. The  number  Pj  of  electron-phonon  collisions  (t^  collisions)  that  the 
electron  undergoes  during  the  time  required  for  its  energy  to  be  increased 
from  3eV  to  C a:  8eV  is  equal  to  the  number  of  inter -conduct ion -band  trar.si- 

i 

tions 

(8-3 )eV  1 
1. 17  eV  1 - r 

times  the  number  of  collisions  per  inter-conduction-band  transition 
1. 17  eV  _ 

O7401iV  r 

where  r is  the  fraction  of  the  gained  energy  fiu)  that  is  lost  to  the  phonons 
between  two  vertical  transitions,  on  the  average.  Thus 


i mi . 1 1 ii K . ws^ii j*,. wp»! 1 wwif/n i* I <i  mw mwwiw w wiwmu  »»)  » •*w*«  t*  i v 


200  r 


(1-r) 


(5. 12) 


The  time  l/uJcy  required  to  make  these  Pj  collisions  is  Pj^j^.g 
( tl^3_8  = 2.13X10  15  sec : 


1 = 4.26 x 10~13  r 

“fcv  ‘ (1-r) 


(5. 13) 
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Since  the  Holstein  and  interband  processes  are  in  series,  the  inverse 
relaxation  frequencies  are  added: 


to 


cnet 


(5. 14) 


where  u)  in  (5. 10)  has  now  been  written  as  Substituting  (5. 14)  into 

(11.4)  gives 


1 

/ 2 MV/cm 

v6  -n  i 

\ ^ 4.26x10 

CT 

1.43xl09t 

P 

\ eb 

r-r 

»— • 

1 

l 

. ncO°tot^B^^aJcnet^  . 

(5.15) 


Unfortunately,  the  value  of  r is  unknown.  In  the  bsence  of  this  value,  it 
will  be  assumed  that  r = j . This  value  appears  to  be  reasonable.  An  electron 
then  loses  half  the  energy  gained  in  an  inter-conduction-band  collision  before  it 
suffers  another  such  collision. 

A simple  numerical  solution  of  (5. 15)  with  r = j shows  that  Eg  becomes 

very  large  as  t approaches  a value  slightly  less  than  i ( 1.5  x 10  11 ) sec,  and 
p o 

that 

Eg  = 7. 9 MV/cm 

for  tp  = (3.0x10  **),  and 
Eg  = 4.45  MV/cm 

for  t = i (3x  10-1^)  sec.  For  the  smaller  values  of  t considered  above, 

P 3 p 

Eg  is  unchanged.  The  agreement  between  these  theoretical  and  experimental 
results  is  excellent,  as  seen  in  Fig.  9 of  Sec.  XIV. 
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VI.  BREAKDOWN  AT  0. 694  fim 


At  the  ruby-laser  frequency,  the  starting  electrons  are  generated  by 
five-photon  absorption  across  the  gap,  which  is  a faster  process  than  two- 
photon  absorption  by  F centers.  The  starting  electrons  are  accelerated  to 
£2  3eV  by  the  Holstein  process  acting  twice.  Then  the  vertical  inter-con- 
duction-band process  accelerates  the  electrons  to  E - as  at  1.06^(m. 


17 

Braunlich  and  coworkers  made  a computer  calculation  of  the  number  of 

conduction  electrons  generated  in  NaCl  at  the  ruby-laser  and  doubled-ruby- 

’0  -3 

laser  frequencies  with  10"  cm  starting-electron  density  and  compared  their 
14 

results  to  data  obtained  at  1.06  Jim.  Starting  with  the  semiempirical  curve 

14  -1 

of  1/ tp(E)  obtained  from  a fit  to  the  data,  they  shelved  that  t^  w^s  in- 
creased by  including  multiphoton  ionization  and  decreased  by  using  the  damage 

criterion  that  the  cemperature  be  raised  to  the  melting  point  rather  than  that 

18  -3 

n be  increased  to  10  cm  . The  net  result  was  a curve  of  1/ 1 (E)  that  fit 
c p 

the  data  as  well  as  the  original  semiempirical  curve.  "Tie  significance  of  the 
work  was  in  showing  that  including  multiphoton  absorption  decreased  the  value 
of  Eg  by  approximately  'TT . 


The  analysis  below  suggests  that  had  the  initial  electron  density  been  set 
equal  to  zero,  there  would  have  been  little  change  in  the  value  of  Eg.  In  the 
present  theory  the  major  role  of  the  multiphoton  process  is  this  generation  of 
starting  electrons. 


A simple  estimate  below  indicates  that  the  two-photon  absorption  by  F 
centers  is  not  sufficiently  rapid  to  ionize  a substantial  fraction  of  the  F centers 
during  a lOnsec  pulse.  Thus,  (5. 1)  can  be  approximated  by 


79 


Sec.  C 


(dnc/dt)p2  — wp2nF0  (6.1) 

wliere  npg  is  the  number  of  F centers  at  time  t = 0.  With  this  two-photon  gen- 
eration process,  the  five-photon  generation  process,  and  the  two-Holstein-p’us- 
vertical  avalanche  process,  the  rate  of  change  of  n^  is 

dnc/dt  = n5  + tocnc  (6.2) 

where 

W,  2=  coH(kBT)  coH(1.79eV)  t1/2(1.79eV)  (6.3) 

and 

n5  5 WF2nF0+?U^nv 

17  18  1 1 “119  5 

where  the  five-photon  term  has  the  value  ' ^ u^nv  = j 1. 12x10  ( I/fico) 

= 1. 20  X1024(  E/2  MV/cm"1)10.  From  (5.2)  with  G(w)  « j 1 + [2  (1. 786)/l.  94]4  J 
-4 

= 4.33  x 10  , where  1.94eV  is  «.he  depth  of  the  F center  in  NaCl,  and  npg 

= 5 x 10^  cm  ^ from  Sec.  D,  the  value  of  top2  npg  is  2.04  x 10^  (E/2  MV /cm1)4. 

Thus 

fi5  = [1.20X1024  (E/2  MVcm'1)10!  2.04  x 1020(  E/2  MV  cm'1  ^Jcn.^sec1  . 

(6.4) 

The  second  ( F center)  term  in  (6.  4)  is  negligible  with  respect  to  the  first  (five- 
photon  ionization)  term  for  values  of  E of  interest. 

The  solution  to  (6. 2)  with  n£  = 0 at  t = 0 is 
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nc  = (n5/wc)  (e  c -l)  . 


(6.5) 


Replacing  n£  = ncQ  exp(a>ct)  in  Sec.  XI  by  (6.5)  and  repeating  the  simple 
integration  gives 


to  t = £n 

' " ' V,otE 


/ CTor  V 

( T + 1 + wc  lD  ) 

\ncor  E2  Cp/ 


(6.6) 


The  factors  1 and  co,tp  in  the  logarithm  usually  are  negligible.  Setting  to,  from 


(6.  3)  equal  to  (O,  in  (6.6)  and  using  tOpj(kgT)  = 3.  32x  10**  ( E/2  MVcm  1)2  sec 


-1.2-1 


and  0^(1. 79)  = 4.46  x 1011  ( E/2  MV  cm"1)  sec-1  from  (9. 19)  and  (9.27)  and 


1.  -1 


t1/2(1.79eV)  = 3.26  x 10-14  sec  from  (5. 10)  and  = Oj  + aH  = 4.72  x 10'8 


+ 2.14  x 10  8 = 6. 86  x 10  8cm8/sec  from  (11.2)  and  (11.5)  and  t = ix  10  8 sec 

P 0 


gives 


us  = ( E/2  MV  cm' 1 )4  4.  82  x 109  sec" 1 
c 


and 


/ 11.4  - 4 An  (E/2)  V 

\ 16.1  ) 


1/4 


(6.7) 


which  has  the  solution  Eg  = 1.85  MV/cm.  The  agreement  with  the  experimental 
value  of  2.2  + 0.44  MV/cm  is  satisfactory. 


SI 
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VII.  BREAKDOWN  AT  172  nm  (7.21  eV) 

The  electron-avalanche  breakdown  process  and  other  failure  mechanisms 
in  lithium  fluoride  at  the  xenon-laser  frequency  are  considered  in  Sec.  D.  The 
results  for  avalanche  breakdown  are,  very  briefly,  as  follows.  Tne  starting 
electrons  are  generated  by  two-photon  absorption  across  the  gap.  The  electron 
energy  is  increased  to  t 2 Cj  by  one  Holstein  event  plus  one  vertical  inter- 
conduction-band transition.  The  resulting  value  of  E0  is 

En  = 0.56  MV/cm 
B 

which  corresponds  to  intensity 
I = 1.6  GW/cm2 

The  result  is  shown  on  the  same  figure  with  the  NaCl  results  in  the  following 
section.  However,  the  difference  in  material  parameters  of  the  two  materials 
as  well  as  the  frequency  difference,  contributes  to  the  difference  in  the  value 

of  E0. 
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VI1L  ELECTRON-PHONON  RELAXATION  FREQUENCIES 


The  electron-phonon  interaction  will  be  considered  in  somewhat  greater 

19  20 

det  U1  than  in  previous  treatments.  * In  a polar  crystal  the  interaction 

19 

between  the  electrons  and  the  longitudinal-optical  phonons  is  quite  strong. 

3 

Seitz  has  pointed  out  that  the  coupling  to  coustical  phonons  probably  is  not 

3 1 

negligible,  especially  for  electrons  with  energy  £ — ^ £j  , , where  £gZ  is 
the  average  election  energy  for  wave  vectors  at  the  Brillouin-zone  boundary. 

Both  of  these  processes  will  be  considered,  and  both  the  relaxation  frequency 
1/T^,  which  determines  the  electron  mean  free  path  (for  any  scattering  angle), 
and  1/t^,  which  is  the  large -scattering  angle  or  transport  relaxation  frequency, 
will  be  calculated.  The  value  of  the  relaxation  time  tl,  which  determines  the 
energy  transfer  to  the  lattice,  is  related  to  by  the  simple  relation 

■ <2vl>v 

In  Ref.  3,  the  maximum  values  of  the  acoustical-phonon  relaxation  frequen- 
cies occurred  at  £gZ  rather  than  ^ £pZ . The  arithmetic  in  Ref.  3 appears  to 
be  the  same  as  that  below.  Thus,  the  source  of  the  factor  of  four  difference  is 
unknown.  The  difference  is  rather  important  since  extending  the  peak  to  £gZ 
increases  the  value  of  1/*^  in  the  region  £ > -£gZ,  which  causes  substantial 
changes  in  the  value  of  Eg  in  some  cases. 

The  coupling  of  the  electrons  to  the  longitudinal -optical  phonons  arises 
from  the  energy  of  the  electron  in  the  electric  field  of  these  phonons  resulting 
from  the  relative  longitudinal  displacement  of  the  positive  and  negative  charges. 
Only  the  longitudinal  component  of  the  ion  motions  generates  an  electric  field 
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because  the  source  term  - 4 ir  V * P in  the  equation  for  the  field  7 • E = -V  0 
= - 4 tr  V « P , where  P is  the  dipole  moment  per  unit  volume,  does  not  vanish 
for  these  modes.  The  Hamiltonian  is 


X = e 0 ( r) 


(8.1) 


where  the  scalar  field  0 ( r)  is  determined  by  the  relations 


E = -70 
~n 


V • (E  + 4irP  ) = 0 


and 


l = e<3+  -,S->N+ 


(8.2) 

(8.3) 


(8.4) 


where  u+  are  the  displacements  of  the  positive  and  negative  ions  and  N+  is  the 
number  of  ion  pairs  per  cubic  centimeter. 

The  solution  to  (8. 3)  for  longitudinal  modes,  for  which  7 • P ^ 0 as  already 
mentioned,  is  easily  shown  to  be 


E = - 4ir  P 


(8.5) 


The  well  known  phonon  expansion  of  the  displacements  is 


1/2 


u±(r)  = E(h/2N+VM±u;q)'  -^qAqe 


‘3  \r 


(8.6) 


t 


where  ^ is  the  phonon  wave  vector,  M+  are  the  ion  masses,  = a^  + a 

with  the  a's  and  a^'s  phonon  annihilation  and  creation  operators,  and  « are  the 
phonon  frequencies.  Substituting  (8. 1)  and  (8.4)  into  (8.5)  gives  E.  Then,  since 
all  of  the  spatial  dependence  of  the  n's  is  ir.  the  factors  exp(  i ^ * r ) and  the 
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modes  are  longitudinal  (u+q  = q , where  " denotes  unit  vector),  0 is 

obtained  from  E simply  by  replacing  u in  each  term  by  ( iq)  \ which 
wP  iq 

gives 

iq  • r 

X - E B A e * ~ (8.7) 

q q q 

where 

2 2 1/2 
Bq  « - i 4 e ( fi/2  N+  V M q wq)  Uq 

and  Uq  M *^2  is  defined  by  the  relation 


.,-1/2 

M u . 

+ ~+q 


..-1/2 

- M ' u 


iq  • 6 


~-q 


= M 


-1/2 


(8.8) 


Here  6 is  the  basis  vector.  For  q6  1,  u.  = (M  /Nfl  )l/2u  , where 

r ~±q  r i + q 

Mr  is  the  reduced  mass,  M’1  = M+*  + M"*.  Then  M-1//2  = M^1^2.  At  the  zone 
edge  along  fill)  for  the  optical  modes,  |u  + q | is  equal  to  unity  for  the  smaller 
mass  Mg  and  zero  for  the  greater  mass  . Then  M 1//2  = Mg1^2.  In  general 
M is  of  the  order  of  an  atomic  mass  of  the  crystal. 


As  discussed  in  Sec.  II,  the  two  processes  in  which  the  electron  scattering 
is  accompanied  by  emission  and  absorption  of  phonons  must  be  considered.  The 
relaxation  frequencies  1/T  and  1/T  for  the  two  processes,  that  is  the  proba- 

6 Si 

bilities  per  unit  time  that  the  processes  will  occur,  are 


1/Ta,e  = 2q1i 


-1 


S£f  l<nq^^|nq)l26(ea>e) 


(8.9) 


where  nq  are  the  phonon  occupation  numbers,  is  the  wave  vector  of  the  final 
electron,  and  £ . = £ - £f  with  £ and  £f  the  initial  and  final  electron 

3Lm  c IQ  I 
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energies.  The  electron  wave  vectors  were  not  written  out  in  the  matrix  elements. 

The  integrals  in  the  matrix  elements  vanish  unless  wave  vector  is  conserved,  as 

usual,  thus  eliminating  the  sum  on  k^.  There  are  no  factors  of  two  from  electron 

spin  in  (8. 9)  since  the  interest  is  in  the  electron,  in  calculating  the  total  energy 

flow  into  the  lattice,  a factor  of  two  would  arise  because  the  contribution  from  all 

electrons  (having  both  spins)  must  be  included.  In  either  case,  the  matrix  ele- 

19 

ments  are  diagonal  in  spin.  The  numerical  factor  agrees  with  that  of  Frolich, 

3 

where  N,  = 1/2  a for  the  rocksalt  structure. 

+ tin 

The  delta  function  in  (8.9)  can  be  cast  into  a useful  form  as  follows: 

£a,e  = e<k)  ' e<kf’  1 *WL0 

where  is  the  a/erage  of  (which  varies  only  slightly  with  q)  in  the  sum  on 
q in  (8. 9).  Since  k^  is  a function  of  u , where  u is  defined  as  the  cosine  of  the 
angle  0 between  k and  c^,  then  £fl  g = f(u),  and 


6Ct(U>1  " |df/du|„  6<U'U0)  • 


wVre  df/du  = d£  /du  = -d£(kf)/du,  with 

d£  (kf ) dkf  d£(kf) 
du  du  dkj 

9 2 1/2 

With  k-  = | k ± q | = (k±2kqu+q  ) , (8. 10)  and  (8. 11)  give 


^ Mu - u 


6(ea  e}  = 1 6(u  ' Uae} 

a’e  fi  k q a,C 


where  is  defined  by  the  relation 
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1 de(k)  = 

k dk  “ 


and  u are  the  roots  of 
a,  e 


e(k)  - £[kf(u)]  ± -Rco^  = 0 


(8. 13) 


For  electrons  whose  energies  near  the  center  of  the  Brillouin  zones,  £ 


2,2 


= fi  k /2 m^»  and  the  roots  of  (8. 13)  are  easily  founi:  to  be 


k2  + q2  , 

• kp  a 2rak“IL0/1' 


a,  e 


2kq 


(8. 14) 


Notice  that  is  always  positive;  thus  the  emission  process  scatters  only  in  the 


forward  hemisphere.  Also,  an  electron  with  k = kp  has  energy  £ = Ugo^. 


For  electrons  with  £ » huJ  , define  k^  = k + Ak , then 


£(kf)  = £(k  + Ak)  2=  C(k)  + AkdC/dk  , 


Then 


£ = -Ak  d£/dk  ± hto 

a,e  P 


(8. 15) 


Since  Ak  « k for  £ » hw , the  approximation 

P 


9 2 1/2 

kf  = (kZ  ± 2 kqu  + q ) k + Ak 


where 


Ak  = ±qu  + j q2/k 


(8. 16) 
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is  well  satisfied.  Substituting  (8. 16)  into  (8. 15)  and  solving  for  u^  gives 

2 2 

(8. 14)  again.  Since  one  of  the  approximations  £ £=  h k /2  or  6 » fiWp  is 
always  satisfied  in  the  current  case,  (8. 14)  can  be  used  everywhere. 

Substituting  (8. 12)  and  (8.7)  into  (8.9)  and  assuming  that  wq  = = constant 

and  that  M is  constant  gives,  for  this  case  of  optical  phonons 


1 


4"e4mtN+na>eFa>e 


(8. 17) 


where  na  = np » ne  ~ np  + ^ 

fkBZ  . f* 

Fa,e  = l dqq  I du6(u'V> 

•*0  -1 

where  the  first  Brillouin  zone  has  been  approximated  by  a sphere  of  radius  kgz . 


Using 


J du  6(u  - ua>£ 


) = 1 


= 0 


gives 


(u) 


a,e 


dq  q 


-1 


e 


where 


lesser  of 


for  I ua>e  i < 1 
for  |ua  e | > 1 


(8. 18) 


(8. 19) 
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With  u = ± 1,  (8. 14)  gives 
a 


u^/k  = <l  + x)l/2  ± 1 , 


(8.20a) 


2 2 

where  x = k*/k  and  the  two  roots  of  (8. 14)  for  ufi  = + 1 are 


/u\ 

U), 


u e /k  = 1 ± (1  -x) 


1/2 


(8.20b) 


2 2 

For  k » kp  , (8.2Ca)  and  (8.20b)  give  the  same  result 


a-  lesser  cf  (2k,k0Z) 


,1‘U  ij/n  . 


(8.2:) 


Then, 

F — F 2:  An  4 k2/k2  , for  k < ^ kR7  , (8.22) 

a e p & ol  — — _u 

and 

Ffl  = Fe  = An(2kkBZ/kp)  . for  k > j k0Z  . (8.23) 

Next  consider  the  relaxation  time  Tj. , which  is  the  average  time  required 
for  the  component  of  k along  E to  be  reduced  by  a factor  of  1/e . The  values 
of  1/Tfl  and  1/1^  above  are  important  in  determining  the  value  o'.  (de/dt)L 
and  the  collision  rates  1/T  ± 1/7  . The  field  can  put  energy  into  the  electrons 
more  rapidly  for  forward  scatteilng  than  for  isotropic  scattering.  Thus,  the 
angle  dependence  of  the  scattering  must  be  considered,  which  leads  to  this 
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transport  collision  frequency  1/T^.  Before  considering  Frolich's  treatment  of 
1/t^,  a simple  argument  is  instructive.  From  the  expression 


dk 

d£ 

K' 

: dkz 

dk 

with  dk/dk  = k ,/k,  k *d£/dk  = and  dk  /dt  = eE/fi,  where  the 

Z Z K Z 

electric  field  is  along  the  z direction,  and  dk  /dt  = eE/h,  there  results 

z 

(de/dt)E  = (efi  E/nij,)kz  . (8.24) 


For  isotropic  scattering,  k = 0 c.i  the  average  after  each  collision;  thus  the 

average  value  of  kz  is  the  average  value  eET.go/2fi  between  collisions,  and 

2 2 1 

(8.24)  gives  the  well  known  result  (e  T^/m^lE  with  = jrl8Q-  the  colli- 
sions are  not  isotropic,  the  component  of  momentum  6k  gained  between  collisions 
is  not  entirely  lost  in  the  collision.  In  the  extreme  case  of  an  electron  traveling 
along  the  z axis  with  absolutely  forward  scattering  (k  remaining  along  z ), 
kz  = k,  where  k »eET/2fi  in  general.  With  absolutely  forward  scattering, 
an  electron  not  originally  traveling  in  the  z direction  will  approach  the  z direc- 
tion since  the  momentum  gained  from  the  field  between  collisions  is  in  the  z 
direction. 

19 

The  following  treatment,  which  is  equivalent  to  that  of  Frolich,  accounts 
for  nonisotropic  scattering  by  calculating  the  relaxation  frequency  1/T^  for  the 
z component  k of  k.  If  the  previous  expression  (8. 17)  for  1/T  is  written 

Z w 3>G 

as 

I/Ta,e  = 
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where  * ■ ♦ n,  „ 6( u - u ^ ) , with 

a,e  a,e  a,e 


J»XN+ 


^W^Mkq3 


then 


^vncu  ‘ 


■J\  * jdS<Akz.*a  + Akze*e> 


(8.25) 


where  Ak  are  the  mean  changes  in  k in  a collision.  Since  k-  = k ± q,  the 
7.  a,e  ° z **'1  **  <'* 

change  Akfle  in  k is  ±q.  The  polar  axis  in  cj  space  is  chosen  along  k.  Since 


♦ is  independent  of  0,  the  integral  of  Ak  over  0 can  be  performed  inde- 
afe  z afe 


pendently  of  ♦ .As  illustrated  in  Fig.  6 for  the  case  of  absorption,  the  average 
a,e 


<q  )0  = qcos  and  the  z component  is  (qz)^  = (qkz/k)  cos  0.  This  result 


also  can  be  obtained  from  the  identity 


q • E £ cos  0qE  = cos  0qk  cos  0£k  + sin  0qk  sin  0£k  cos  (0qk  - 0^) 


qk 


qk 


qk 


since  the  integral  over  0 = 0qk  of  cos  (0qk  - 0g.  ) vanishes. 


For  the  case  of  current  interest  in  which  k >■  2 k , the  integrands  ♦ 

P 


become  equal,  apart  from  the  factors  np  + 1 and  np,  and  (8.25)  gives 


1/T.  = 2 


* i,du  s, 


BZ 


dq  q #[(-qu/k)  np  6(u+  ug) 


-1 


+ (+qu/k)(n  + 1)  6(u  + u ) j 
P c 


(8.26) 


where 
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q k 

ua,e  = * 57  + 5T% 


from  (8. 14).  Since  k2  « kgZ  and  the  e*  ra  factor  of  q2  weights  the  large  value 
of  q,  the  second  term  in  (8.27)  can  be  neglected,  and  (8.26)  gives 


» 


1/TkO  - 2 


V ( dqq2  (q2/2k2)(2n  + 1)* 

) (l)  P 

q 


C(2np+  1)  k0Z 

7? — 


(q<-))2.  (q<»)2 


(8.28) 


where  the  subscript  0 was  added  to  1/^  to  denote  the  optical-mode  interaction, 
and 

4 


8lT  e m,  N 14-1 

C = - s 1. 13  X 10  sec 

1i  WjjQMkBZ 


(8.29/ 


,-23 


The  numerical  value  is  for  the  case  of  m^  = 0.75  m^,  M - Mg  - 3. 84  x 10  g, 
N+  = 2.23xl022cm’3,  and  ficop  = l/40eV.  The  extra  factor  q2/k2  in  (8.28) 
accounts  for  the  nonisotropic  scattering.  With  |q^  ^ |q^j  ^ ^ 

= lesser  of  (2k,  kBZ),  (8.28)  gives  for  the  optical-mode  interaction 


kO 


= C(2nLQ+  1)  k0Z/2k 

**+  k <IkBZ 

= C(2nL0+ 1)  = (4.08X  10"l5sec)_1 

for  k = jk0Z 

= C(2  iy>+  l)kgZ/(2k)3 

for  k > jkgZ 

(8. 30) 
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This  can  be  compared  with  the  previous  results  (8. 17),  *8.22),  (8.23),  and 

rT  * = t * - t *,  which  can  be  written  as 
a e 


1/Tyj  - 2 C £n  ( 2 k / kj  ^ ) kpy  / 2 k 


for  k < y kBZ 


= 2Ctn(kBZ/kL0)(1.60x  lO'^sec)'1  for  k = yk 


BZ 


= Cjen(2kkBZ/k£0)kBZ/2k 


fork>jkBZ  (8.31) 


where  the  numerical  value  is  fox  NaCl  with  the  same  parameters  used  for  (8. 30). 
For  small  k,  the  scattering  is  fairly  isotropic,  and  (8.30)  and  (8.31)  give  ap- 
proximately the  same  result  for  and  = t (2  nLo+  1 ) * (within  a factor  of 
~3 ).  For  k > j-kBZ,  the  scattering  is  mere  in  the  forward  direction,  and 
becomes  considerably  longer  than  ( by  the  factor  ( k/  kgz ) £n  ( 2 k kg7  A*  ) ) . 
For  forward  scattering,  it  takes  longer  to  turn  k,  that  is  to  reduce  £ by 

The  corresponding  results  for  the  acoustical-mode  interaction  can  be  ob- 

7 

tained  a*  follows.  The  deformation-interaction  Hamiltonian  is  taken  as  K 
= £j  7 • u,  where  £j  is  a constant  with  dimensions  of  energy  that  is  believed 
to  be  of  order  of  a few  electron  volts  and  u is  the  lattice  displacement.  In  the 
small  wave-vector  limit  qa  « 1 , u+q  in  (8. 6)  are  well  approximated  by 
u,  = ( M / M )1//2  uq,  where  M.  = Mv  = M + M = M + M . Then 
(8. 6)  reduces  to  the  i .*11  known  result 

‘a-* 


u - u+  - u.  = E(fl/2N+VM to*LA)1/2  e 


(8. 32) 


which  shows  that  the  two  masses  Mg  and  oscillate  with  equal  amplitudes 
that  are  determined  by  the  total  mass  M ^ . Here  is  the  longitudinal- 
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acoustical  phonon  frequency.  From  (8. 31)  and  (8.32) 

iq  • r 

X = IB.  A e * ~ 
dp  q dq  q 


(8.33) 


where,  v th  q - u = 1 for  longitudinal  modes 


Bdq  = iftj  q (D/2  N+V  ^lA.) 


1/2 


dp 


(8.34) 


The  deformation  potential  is  commonly  applied  to  1 ./-energy  electrons,  which 
interact  with  phonons  having  small  q . In  the  absence  of  information  about  the 
deformation  potential  at  large  values  of  q,  (8. 34)  will  be  used  formally  with 
M . replaced  by  the  greater  mass  M for  large  k , where  q is  large.  The 
relation  between  the  two  electron -phonon  processes  can  be  seen  by  comparing 
(8.7)  and  (8. 33),  which  shows  that 

2 


-2  2 M \2  WlA  1 

e1‘*<4*e  N+>  M ■ 

Making  this  replacement  in  (8.28)  and  reevaluating  the  integral  gives 


= C1(2nLA+  1)  2 k/kBZ 

for  k £ j k 

= Cj  (2nLA+  1)  = (4.08  x 10*15  sec)-1 

for  k = j k| 

= C,(2nIA+l)  kB32/2k)3 

for  k £ j k 

(8.35) 


(8.  36) 


where 


C1  = 


kBZ 

4**"WLAMdpN+ 


1.13  x 1014  sec-1 
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and  the  numerical  values  are  for  the  alues  of  parameters  listed  in  Sec.  XIII. 

If  l/r.  . from  (8.36)  is  formally  equ^^ed  to  1/t^q  from  (8.30)  at  k - j kBZ* 
kA 

it  is  found  that 

. 4*e2N+  /2_^>  MLA(2nL0+1))  = 4.54  eV  . 

ei-  -Zf—  V M 

kbz 

It  is  shown  in  Sec.  XIII  that  this  value  of  ^ which  corresponds  to  equal  values 

of  l/T  and  1/t.  a at  the  maximum  of  l/TkA  is  well  within  the  accuracy  of 
k0  kA 


an 


estimated  value  of  thus  - 4. 54eV  will  be  us^ f1. 


Repeating  the  same  procedure  for  1/tlA  g'ves 
1/ Tla  = Ci  2k/kBZ 


for  k ^ 2 


= C\ 


for  k = j kBZ 


- kBZ/2k 


for  k > 2kBZ  * 


(8.37) 


The  final  values  for  1/Tfc  = 1/Tg  - and  l/rL  = 1/t^  + with 

tine  1/T’s  in  (8. 30),  (8.31),  (8.36),  and  (8.-37),  are 


+-«v>  ('£*<.£)• 


k - 2 kBZ 


= ( 2 n + 1)  (C  + C.  ) = (2.C4X  10‘i5sec)  1 k - j kBZ 

P 1 


= (2np+l)(C+C^)  kg / (2k) 


JkBZ 


(8.38) 


and 
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h 


\ 4.  C — — 
) 1 kBZ 

k*  IkBZ 

2 C in  (^)  +Cj  = (1.35  X 10“ 1 15  sec)'1 
' P 

k = I kBZ 

l“(^) 

kBZ 

+ cl  TV' 

k - 2 kBZ 

L ' p ' 

These  results  for  1/Tk  and  l/rL  are  sketched  in  Fig,  7. 
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DC  HOLSTEIN  PROCESS 


The  Holstein  process  is  a second-order  process  in  which  n electron  is 


scattered  from  state  k to  state  kf,  a photon  is  created  or  annihilated  and  a 
phonon  is  created  and  annihilated,  as  illustrated  in  Fig.  I,  This  proa  ss,  which 


was  considered  by  Holstein  in  1954  in  the  context  of  visible  and  infrared  absorp- 


tion in  semiconductors  and  metals,  has  been  overlooked  in  the  electron  avalanche 


problem.  For  the  present  purpose,  Holstein's  calculations  must  be  extended  to 


include  the  optical-mode  process  as  well  as  the  deformation-potential  process 


(acoustical  modes)  and  to  include  the  case  of  large  k's,  that  is,  k > 7 kBZ  ’ 


w'lere  kR7  is  the  wave  vector  at  t .e  edge  of  the  first  Brillouin  zone  as  before. 


The  transition  probability  per  unit  time,  u^j,  for  the  Holstein  process  can  be 


obtained  from  the  standard  second-order  perturbation -theory  result 


2ir  <kflK  kjXk.  3C|k> 

S y 6<e> 

H H kjq  1c,  V*kl 


(9.1) 


where  phonon  ( q ) and  photon  ( Q ) indices  on  the  matrix  elements  are  suppressed 


for  simplicity  and  6(6)  is  the  appropriate  energy -conserving  6 function. 


The  Hamiltonian  for  the  electron -photon  interaction  is 


Ke  = (e/mc\jg*  A 


Treating  the  electromagnetic  field  semiclassically  by  setting  A/c  = E / iw  gives 


3C  = (-fteE/imto)  e 
ep 


iQ  • r 

M A 

E-(-iV)  . 


(9.2) 


3 

J 
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I 

F i 


Neglecting  the  small  phonon  energy  and  the  small  photon  wave  vector  Q 


gives,  with  u^  s k • q 

2 

= 2a  kq  + 2 q - lico  . 


(9.6) 


Similarly 


Cc  = £d  = -2akq  u^  + aq  - fiui  . 


(9.7) 


In  (9.1)  each  matrix  element  contains  a wave-vector  Kronecker  delta.  Thus 
two  of  the  three  wave  vector  sums  are  eliminated.  For  the  phonon  emission 
process  pe  in  (a)  and  (b)  of  Fig.  1,  substituting  (9.2),  (9.4),  (9.5),  and  (8.3a) 
into  \9. 1)  gives 


2 „2 


“h 


(pe)  . 2ve_E  ? 2 2 | |2  < + 


fimw 


4 q Eq 


2 2 


x 6(2akqu^  + a q - fiw ) 


(9.8) 


No  factors  of  2 from  electron  spin  appear  in  (9.  8)  because  the  matrix  elements 
are  diagonal  in  the  spin  variable  and  applies  to  an  electron  k having  a given 
spin.  By  using  6(ax)  = |a  | 1 6(x)r  the  6 function  can  be  written  as 

6<V  * smr  t(ukq-u.) 


where 


u = (fico  - aq  )/2akq 

3 


(9.9) 
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Hie  corresponding  phonon  absorption  term  ol^a)  is  obtained  from  (9. 8)  by 
replacing  n + 1 by  n . The  delta  function  is  the  same  since  6<-2akq  u)tq 

+ a2q2  -1iW>  = (2<«lcq)‘l6(-^q-ua)=(2alrq)'16(ukq  + ua)[using6(-x) 

= 6<x)],  and  the  integral  over  du,.q  from  -1  to  i is  symmetrical  about  u^  = 0. 
Adding  and  to<fa)  gives  the  value  u>(a)  of  for  photon  absorption 


(a,e) 

“h 


2?e2—  S qlBnl2(2nq+1)  6(ukq"Ua,e) 
3fi  mu>4k  q 4 


(9. 10) 


(e) 

where  u2  has  been  approximated  by  its  average  value  1/3.  The  result  toH  for 
photon  emission  was  included  in  (9. 10),  where  uq  = (-RW  - 01  q )/2a  kq  is  ob- 
tainei  from  u by  replacing  by  -hto. 

a 

Using  the  standard  prescription 
v i’1'02  2 f1 

L -»  JU-  \ dqqZ  \ du 

q ( 2 IT)  J0  -1 


reduces  (9. 10)  to 


e2  E2 


12itfi2mM.  (N+/V)kto4 


_ 2 n + 1 o 

x q5  -g &i  6<u-uafe>  * 

q 


The  z axis  in  cj  space  was  chosen  along  k so  that  uqk  u . 


(9. 11) 
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The  integral 

r1 

1 du  6(u  - u 
-1 


a,e 


) = 1 

for  |u  | < 1 
1 a,e  1 

= 0 

for  |u  | > 1 
1 a,e  1 

(9. 12) 


determines  the  limits  on  the  integral  over  q.  From  (9. 12),  (9, 9),  and  the  expres- 
sion for  u under  (9.10),  the  upper  (up)  and  lower  (Xo)  limits  fur  photon  emission 
© 

(e)  and  absorption  (a)  are 


,«A  = i + (iT-fi(o/e)1/2 

a 

q(eVk  = ± 1 ^ ( 1 ^fico/e)1/2 

a 


(9. 13) 


In  passing  notice  that  these  Holstein-process  q's  in  (9. 13)  are  the  same  as  the 

electron-phonon  q's  in  (8.20)  with  k2/k2  replaced  by  fiw/C.  For  q^<  kD„, 

P dZ 

(9. 13)  is  used,  while  for  q(U)  > kBZ  * the  upper  limit  is  kgz  according  to  the 
q integral  in  (9. 11).  That  is 


qe  = lesser  of  j kgz  and  q^  . (9. 14) 

Since  the  energy  gained  by  the  electrons  is  de/dt  - w/f^),  it  is 

rl  H 

convenient  to  define 


WHA  2 


»i?  - < 


(9. 15) 


so  that  de/dt  = ^WWHA.  From  (9. 15)  and  (9. 11) 
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WHA  = WHAO^ 


(A) 


(9A6) 


where 


co 


HAO 


e2fc|Z<2nLA+1>KlE2 

•2»*2mMdpN+“lA“4 


= 2.94  x 1012  sec’1 


and  J(A)  = J(A)  - «J(A)  with 


](A)  _ 


CO 


LA 


e 

a 


( 2 nLA4'  l)kRVk 


BZ' 


J 


,<u> 


AD 

9 e 
a 


dq  q' 


e 2 n + 1 

5 

co_ 


where  LA  denotes  the  value  at  the  edge  of  the  Brillouin  zone,  as  discussed  further 
below.  The  numerical  value  of  coHQ 


-12  -1 

= 2. 10  X 10  sec  is  for  NaCl  at  room 


temperature  and  1.06  Jim  with  E = 2.0  MV/cm.  For  the  optical  mode  process, 

-4 

is  replaced  by  the  right-hand  side  of  (8.35),  with  q inserted  in  the  in- 
tegral, of  course. 

The  rest  of  the  present  section  is  concerned  with  the  equation  of  the  integrals 
in  *9  for  several  cases  of  interest.  First  consider  the  case  of  the  deformation  po- 
tential. The  dispersion  relation  for  the  longitudinal  acoustical  modes  will  be  ap- 
proximated by  Wq  2:  (q/kuz)WLA’  where  wlA  is  the  zone"edge  phonon  frequency. 
Then  in  the  high-temperature  limit  (which  is  satisfied  for  NaCl  at  room  tempera- 
ture for  the  low  q modes  but  is  only  nominally  satisfied  for  the  zone-edge  modes). 


2 n + 1 

._2 

GO 


BZ 

~r 

q 


2nLA+  1 
<°LA 


104 


I RJ , Mwpii.  ii 


- mmn  mini  I mu  i iwji 


FmgmmpxR  >jhhw'W' 


Sec.  C 


(A) 

With  this  expression,  cSe  hi  (9*  16)  become 

a 


AA)=  -J- 


a kizk 


,<u> 


dqq 


<?* 17) 


AD 
q e 
a 


Integration  gives 


-(A>  - [(^)4-(<>)4-  (<.‘>)4+  («(>)4 


(9. 18) 


The  simplest  procedure  in  numerical  calculations  is  to  use  (9. 18)  vriti*  the  q's 
given  by  (9. 14)  and  (9. 13).  However,  the  following  limiting  cases  of  (9. 18)  are 
useful  in  determining  the  frequency  and  electron-energy  dependence  of  co^ : 
For  sufficiently  small  £ , both  q^'  and  q^  are  less  than  kgZ  • Then,  in  this 
case  of  £ < ^ ( £RZ  - fiu3)2/£gZ, 


«9(A)  = 4(k/kBZ)3f  (fiw/e) 


2=  2(hw/£BZ) 


3/2 


for  fio)/£  » 1 


8-fiw  e1/2/eB3z/2 


for  fiu>/£  1 


(9. 19) 


where 

f(x) 


= (l+x)1/2(l+  *x)  " 0 ( x ) ( 1 - x )1/2  (l  - jX) 


and  the  unit  step  function  0(  x ) is  equal  to  1 for  x < 1 ot  0 for  x > 1 . 
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For  the  large  t case  of  t > { <eBZ  + fiw)2/£BZ  * in  the  upper  Iimits 


(A) 

of  both  integrals  are  equal  to  value  of  J is 


J(A)  = ±<k/kBZ)3f+(fuo/e) 


(9. 20) 


(ft  tu)J 

32  e/2e^P" 


for  ftoo/e  « 1 


where 


f+(x)  = 


(l  - (1  - x)1/2  f " ( 1 - (l  + x)1/2  J | . 

Specific  values  of  f+(fico/e)  for  various  values  of  [ttco/e]  are:  0.971  [1]; 
4.81  Xl0'3  [1/2];  and  1.28  x 10-4  [ 1/4] . For  smaller  values  of  fico/ £,  the 
approximation  in  (9.20)  is  quite  accurate. 

NeAt  consider  the  optical-mode  process.  From  (8.35)  and  (9. 16)  with 
(2nq+  l)/coq  = (2njj)+  1 )/wL0  for  the  optical  modes,  the  value  of  coH  is 
given  by 


40  HO  ^00 


JO) 


(9.21) 


where 


to 


H00 


4ffe6N^k  ,z  (2nu)+l)E2 

^ 

3fx  m M to 


12  -1 

= 1. 35  x 10  sec 


and  <J(0)  = - J(0),  with 
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J<0)  = <k/kBZ> 


( i + fiw/e  )1^  - ( i - fiu >/e )*'*  - f iw/e 


V2  . 


ass 


TJT 


for'fiw/e«l  (9.25) 
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for  e > <eBZ  + *w)2/4eBZ.  For  wt  - 1.  1/2.  1/3.  and  1/4.  «*  jacket 
factor  in  (9.25)  has  the  values  0.414.  1.76  X10'2.  and  2.01  X 10‘3,  respec- 
lively.  For  ftw/fi  < 1/4,  *e  approximation  in  (9.25)  is  quite  accurate. 

Some  useful  specific  values  of  , where 


«H  = WH0  + WHA 


(9.26) 


are  listed  in  Table  I. 


For  the  conditions 


e < <eBZ  - W./eBZ  . 


and  £ <<  "fico  • 


(9.27) 


which  are  well  satisfied  for  10.6.  1.06,  0. 694,  and  0. 172  pm  when  6 = l/40eV, 
becomes  independent  of  £ and  has  the  value 

2 \5/2 

u^j(l/40eV)  — | 2 m/cm  ) 1,92X10  ( 1.06|jm  ) 


+ 1. 22  x 10 


7/2 

12 


sec 


-1 


(9.28) 


11 


which  is  obtained  from  (9. 16),  (9. 19),  (9.21),  and  (9.24).  The  value  1.92x10 
sec-1  in  (9.28)  corresponds  to  £ = 1/40  eV.  The  corresponding  value  is  1.79 
x 10U  sec'1  in  the  limit  as  £ approaches  zero.  The  value  of  1.22  x 1012  sec  1 
is  essentially  unchanged  between  £ - 0 and  £ = l/40eV.  This  result  (9.28)  is 
useful  for  electrons  in  thermal  equilibrium,  since  (9.27)  usually  is  satisfied 

for  such  electrons. 
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X.  INTER- CONDUCTION- BAND  PROCESS 


An  accurate  estimate  of  the  transition  rate  Uy  for  the  vertical  inter- 
conduction-band process,  that  was  illustrated  schematically  in  Fig.  5,  would 
require  accurate  values  of  the  electron  energies  and  wave  vectors.  Since  these 
are  not  available,  the  following  rough  estimate  will  be  used. 

The  standard  perturbation- theory  result  for  the  transition  probability  per 
unit  time  is 

C0nv  = (2n/H)  L I <kf  |x|  k > f 6(£f  - £ --fiw)  A(kf  - k - K)  (10.1) 
kf 

where  k,  is  the  final  state  of  the  electron,  A is  the  Kronecker  delta,  and  K is 

i ~ 

a reciprocal  lattice  vector.  Since  the  sum  on  kf  is  eliminated  by  the  Kronecker 
delta,  the  energy  delta  function  must  be  replaced  by  a line -shape  factor  of  width 
A£  as  usurl 


6(£f  - e - fuo)  G(£ )/A£ 


(10.2) 


where  J d£  G(£)/A£  = 1 and  G(£)  s 1 at  the  maximum. 

The  Hamiltonian  is  given  by  (9.2).  The  momentum  matrix  element  can  be 

12 

written  in  terms  of  an  oscillator  strength  f^  as 


A 2 q 

1 < kf  1 E • fiv|k>|  = 


(10.3) 
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Substituting  (10.2)  and  (10.3)  into  (10. 1)  gives 


3ffe2  f E2  G(£] 


= f \ ( — A_\  / 

\ m / \ Aft  / \ 1. 06  pm  / \ 


2 MV  cm" 


(10.4) 


G(£)  3.85x  1014sec-1 


This  large  value  of  C0y  suggests  that  the  interband  transitions  may  be  suf- 
ficiently rapid  to  increase  the  electron  energy  from  ~3eV  to  £j  as  required  in 
tlie  theory.  However,  this  result  is  not  certain,  and  an  analysis  will  be  given 
in  a subsequent  report.  In  the  interim,  die  following  considerations  are  useful. 

For  an  arbitrary  point  in  the  reduced  Brillouin  zone,  the  value  G ( £ ) will 
be  small  because  there  is  no  neighboring  band  £^  such  that  £ , - £ a fico.  Scat- 
tering processes  must  change  the  wave  vector  k until 


|£j  - £ - ■ftwl  ^ A£ 


(10.5) 


is  satisfied,  as  shown  schematically  in  Fig.  5.  Large-angle  scattering  (with 
time  constant  ) changes  the  position  of  k in  the  Brillouin  zone  by  large 
amounts,  while  small-angle  scattering  (with  time  constant  - T^/2. 16) 
changes  k by  smaller  amounts,  thus  providing  both  coarse  and  fine  tuning, 
so  to  speak.  The  value  of  (0y  in  (10.4)  is  sufficiently  great  that  the  interband 
transitions  should  have  near  unity  probability  of  oeci  ming  during  the  time  that 
£ satisfies  (10.5).  The  electron-phonon  collision  processes  are  sufficiently 
rapid  that  there  are  approximately  100  collisions  (with  relaxation  time 
2:  9.85x10  ^ sec)  in  the  time  t 2:  (-ficu/ficUj^)^  = 9. 97  x 10  *4  sec  required 
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for  the  electron  to  lose  the  energy  ft  ' = 1. 17  eV  that  it  gains,  on  the  average, 
In  a Holstein  collision.  In  other  words,  the  phonon  collisions  mus'  bring  k to 
a position  in  the  Brillouin  zone  at  which  (10.5)  is  satisfied  in  approximately  100 
collisions  or  less,  In  the  estimate  of  the  effect  of  the  inter-conduction-band 
trcx-dicion  on  the  ionization  frequency  in  Sec.  V,  a value  of  50  collisions  was 
chosen  as  reasonable. 
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XL  HEATING  TO  THE  DAMAGE  THRESHOLD 


In  the  present  theory,  conduction  electrons  are  generated  by  one  of  several 

mechanisms.  The  absorption  of  energy  by  these  electrons  from  the  field  then 

causes  sufficient  temperature  rise  to  damage  the  crystal.  The  exact  condition 

for  damage  is  difficult  to  determine.  Here  it  will  be  assumed  simply  that  the 

temperature  must  be  raised  to  the  melting  temperature  Tm . It  has  been  argued 

21  2 

that  this  condition  is  reasonable.  Ordinary  Joule  (ffE  ) heating  is  the  familiar 
case  of  free-carrier  absorption.  However,  it  will  be  shown  that  the  heating  from 
the  Holstein  process  is  even  greater  at  10. 6fim  and  1.06(im.  In  Sec.  D,  failure 
mechanisms  other  than  heating  to  the  point  of  irreversible  damage  in  the  bulk  of 
the  material  are  considered.  These  mechanisms,  which  may  have  lower  damage 
thresholds  than  those  corresponding  to  T = , include  defocusing  by  the  gen- 

erated conduction  electrons  or  by  temperature  gradients,  multiphoton  absorption, 
and  fracture,  particularly  at  surfaces  or  imperfections. 

For  Joule  heating,  the  *ate  of  change  of  energy  per  unit  volume  d W/dt  is 
2 

equal  to  cE  . Thus,  with  W = CT,  where  C is  the  heat  capacity  per  unit 
volume. 


dT 

dt 


ai  f2 
TT  E nc 


(11.1) 


where  a has  been  written  as  <7jnc,  with 


“l  - aln«S<“T>  ’ 


g(U>T)  = 


-1 


e2  r0Xc  /m 


1 mx  2 moo 


Ci^)-  X 7 14  x 

if  \ m / 1. 06  jun  m 


10  ®cm^/sec  (11.2) 
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This  result  shows  that  the  previous  damage  criterion  of  n£  = 10  cm  is 

reasonable  as  a typical  case.  However,  at  short  pulse  durations  coc  becomes 

18  -3 

large  and  nc  can  be  three  orders  of  magnitude  greater  than  10  cm  . 

13  -3 

Also  notice  that  if  the  density  of  starting  electrons  is  5 x 10  cm  and 

18  _3  5 17 

final  density  is  2 x 10  cm  , then  each  starting  electron  generates  10  = 2 

3 

final  electrons.  This  value  of  17  generations  is  less  than  the  Seitz  value  of  40, 

which  applies  to  the  different  situation  of  dc  breakdown  in  which  a single  electron 
40 

generates  2 electrons  in  a cylindrical  volume  V whose  radius  is  the  diffusion 
distance  and  whose  length  is  the  sample  thickness.  Such  a process  must  be  con- 
sidered in  establishing  the  damage  criterion  in  the  dc  case  as  will  be  shown  in 
a subsequent  report.  In  the  example  of  dc  breakdown  in  Sec.  Ill , the  actual 
damage  criterion  did  not  have  to  be  considered  since  the  sample  thickness  was 
sufficiently  great  that  breakdown  was  determined  by  the  generation  of  the  single 
starting  electron. 

In  laser  breakdown,  the  "40  generations"  theory  is  less  appropriate  since 
the  lack  of  electron  drift  in  the  ac  field  causes  the  volume  V to  be  smaller,  and 
the  avalanche  of  a single  electron  is  not  expected  to  be  sustained  in  general  for 
barriers  that  extend  to  £ = Cj . 

The  effect  of  the  Holstein  process  is  easily  included  by  changing  the  value 
of  Oj.  For  the  Holstein  process  (dW/dt)pj  = hw  (Ojj(kgT),  where  co^(kgT) 
is  the  average  value  of  u>H.  Comparison  of  the  right-hand  side  of  this  expres- 
sion OjE^ nc  shows  that  the  one -electron  conductivity  for  the  Holstein  process  is 


oH  = -fiwc^kgTl/E2  . 


(11.5) 
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With  cO|_j  given  by  (9.28),  the  value  oC  cr^  from  (11.5)  is 

T % .3/2  _8 1 x \5/2 

°H0tBT>=  8-07x10’9  (o^is)  + 5-13x10’  (m55|ro) 


cm  /sec  . 
(11.6) 


The  value  of  aH(kgT)  is  greater  than  the  value  of  Oj  from  (11.2).for  X slightly 
greater  than  1. 06  Jim . 

With  a = (5.94  x 10'8  + 1.43  x 10-7  )cm3/sec,  from  (11.2)  with  m 
tot  jg 

= Jmf,  X = 1.06flm,  t = j 10‘8sec,  E = 2MV/cm,  and  ncQ  =5x10 
cm"3,  (11.4)  gives 

9 

co  = 3. 48  x 10  sec 


(11.7) 
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XII.  PROBABILITY  FOR  COLLISIONLESS  ACCELERATION 


M 


t. 

t 

r 


The  expression 

“t  < 1/t> 

PT(t)  = e (12.1) 

where 

<1/t)  = f 1 <Jt’(l/T)  (12.2) 

for  the  probability  P(t)  that  an  electron  does  not  make  a collision  in  time  t is 
easily  derived  as  follows.  If  1/r  is  the  rate  at  which  collisions  occur,  then  the 
probability  of  no  collision  in  time  t + At  is 

PT(t  + At)  = PT(t)(l  -At/T)  (12.3) 

since  1 - At/ T is  the  probability  of  no  collision  in  time  At.  In  the  limit  of 
At  -*  0,  (12.  3)  gives 

dPT/dt  = PT(t)/T 

whose  solution  is  (12. 1).  Notice  that  T is  a function  of  t as  a result  of  its  de- 
pendence on  k. 

The  probability  of  interest  is  that  of  obtaining  an  electron  with  k > kgg. 

If  t in  (12.2)  is  taken  as  the  time  t required  to  accelerate  an  electron  to 
k = kg  L in  the  absence  of  collisions  then  PT(t)  in  (12. 1)  is  the  probability  of 
generating  the  electron  with  k > kgg  in  this  collisionless  process.  The  electron 
also  could  be  accelerated  to  k > kg^  while  suffering  a single  collision.  In  order 
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to  show  that  the  probability  for  this  process  is  negligible  with  respect  to  PT(t) 
in  the  current  case  of  P(J.(t>  « 1,  consider  the  simple  model  in  which  it  is  as- 
sumed that  k = k,-.  T at  time  t and  that  there  is  one  collision  at  time  i t . 
This  collision  reduces  the  value  of  kz  by  a factor  of  1/e  while  leaving  k (i.e. , 
energy)  essentially  unchanged.  Thus,  at  t = ^ where  + and  - superscripts 
denote  immediately  after  and  immediately  before  the  collision,  k = kj  and 

k = k,  /e,  where  k.  is  the  value  of  k at  t = i t . At  time  t , k 
z 1'  1 2 a a z 

= ( 1 + e * )kj  and  k = kjrL,  — 1 1 * ( 1 + e * kj  , which  gives  k^ 


= 0.59kDT  , or  t = 0.59  t . Thus 
EL  a nc 


!(kEL>  ‘ ( 


-0.59tnc<l/r>( 


nc<1/T>i  t t 


i ta^a^ 


Using  , 

— t t 

S2  La  + a 

dt  1 + 2.  l afi.2<i/r) 

« a ]lt  'a 

0 ?la 

gives 

"1- 18 t (1/ t)  j jg 

P2flcEL)=  . =vw  • 

-10  -2 

For  a typical,  value  of  PT(kEL)  ~ 10  = 1.58x10  pT(kEL>*  Thus,  the  single  - 

collision  process  is  negligible.  Similarly,  the  two-collision  and  higher-order  pro- 
cesses are  negligible. 

An  approximation  for  <l/r>  can  be  obtained  as  follows.  The  solution  to 
•hdkz/dt  = eE  is  kz  = fi^eEt  + kz0,  where  kz  = kzQ  at  time  t = 0.  For  the 
case  of  cu  rent  interest,  kzQ  < kg  ss  5x  10‘6cm_1  is  negligible  with  respect  to 
the  final  value  of  k„  k = kEL/  Thus,  with  k,n  neglected  and  kz  a k , t can  be 
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written  as  t = 1ik/eE  and  the  average  over  t in  (12.2)  can  be  replaced  by 
an  average  over  k : 

k 


(12.4) 


The  average  on  the  interval  kp  to  jk^  = ^\/2  is  0^taine(>  by  numeri- 
cally integrating  1/T^  in  Fig.  7.  The  result  is 


<1/T.>  = (1.63  x 10‘15  sec"1)"1 

k k -k 
P Kl/2 


(12.5) 


which  gives  R = (1/t^)  = 1.25  for  this  interval,  where  k and  are 

defined  in  (3.3).  The  average  on  the  interval  jkgZ  to  k£L  (for  the  case  of 

kEL  > IkBZ)  is 


0/^) 


kl/2“kEL  kEL“fk 


BZ 


SEL 

j dk  ( */ti/2  > ( JkBZ^k)  * 
IkBZ 


Evaluating  the  integral  gives 


<1/1k>lt  .k 

k1/2  kEL 


lv 

?kbz 


"EL 


1 v 

Ikbz 


EL 


(12.6) 


which  has  the  value  0. 375  ( l/Tj^  ^ lor  kEL  = kBZ’  (12. 6)  and 

(12.5)  and  using  (k^2  - kp)  = 4.85  X 107cm-1  gives 
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for  this  case  of  k£L  > \ k0Z . From  (12.7),  the  average  value  of  1 /\  is 
(2.60X  lO'^sec)'1  at  k£L  = kgZ,  which  gives  R = 0.785. 

These  results  can  be  summarized  in  the  form 

<l/Tk>=R<l/T1/2) 

with  R = 1.25  for  k£L  = |kBZ  and  R = 0.785  for  kgL  = kBZ  . 
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Xm.  PARAMETER  VALUES  AND  APPROXIMATIONS 

For  sodium  chloride  at  room  temperature,  the  following  values  of  parameters 
are  used: 


C = 1. 84  J/cm3  K 

K = 6.5xlo’2  W/cmK 

T £ T - 300 K = 770 K 

m 

Sj  a*  4.54eV  (estimate) 

kgZ  = 1. 10  x 108  cm  1 

BZ  = ( mf / m ) 4.66eV 

kj  = 1.46  x 108  cm"1 

Cj  = 8. 1 eV 

n = 1.5 

r 

Mr  = 2.33  x 10-23g 

Ms  = 9.77  x 10_23g 

Ms  = MNa  = 3* 84  X 10"23 ^ 

Mg  = = 5.93x  10  "2 

a = 2.82  x 10  8 cm 
nn 

N+  = 2.23  x 1022  cm"1 

I = cnj.E2/4n  = (E/2MVcm-1)2  (nr/1.5)  15.9GW/cm2 
I/fioo  = ( A/  1.06(im)  (E/2  MV cm  * )2  8.51  x 1028  photon/cm2  sec 
F h Itp  = (E/2  MV  cm'1)2  (tp/10'8sec)  1.59J/cm2 

For  k | kg^  * the  phonons  that  interact  with  the  electrons  have  wave 
vector  q « kgZ » as  discussed  below.  In  this  case,  the  values  of  the  q-dependent 
parameters  are: 


M = 

Mred  = 2*33xl0'23g 

% 

= Mj,  = 9.77  x I0'23g 

oon  = 

1/31  eV 

2 n + 1 = 1.76 

p 

P 
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k = 6.53  x 106cm_1 
P 


“k 

1 


1 m 

?T  mf 

L I 


C = 9.60  x 1013  sec”1  = ( 1.04  x 10-14  sec) 

C = 3.54  x 1013sec  1 = (2.82x10  sec) 

For  k $>  k0fr  » the  important  interacting  phonons  have  q a kBZ-  111611 
BZ 

the  parameters  have  the  values 

-23 

M = M = 3. 84  x 10  g 
s 

-23 

M = M = 5.93  X 10  g 
dp  g 

Wp  = 1/40  eV 

k = 7.04  x 106cm  1 
P 

k = 8. 13  x 106  cm'1 
P 

= 0.75  m{ 


2 n +1  = 2. 16 
P 

for  k = ^kBZ 


for  k > 0. 8 k 


BZ 


"He 


= m. 


for  k " £ kBZ 

for  k > 0.8  k 


BZ 


Tbe  value  of  the  deformation-potential  parameter  C,  m (8. 34)  is  unknown. 

I,  la  believed  that  ^ is  of  the  order  of  lOeV  for  most  materials.  Tbe  free- 

. . 7 n _ ~ f where  tvDical  values  of  the  Fermi 

electron  theory  of  metals  gives  Bj  - 3 bp , wnere  typical 

energy  &p  are  a few  electron  volts.  The  expression 

6j  = SW  i.7xio'2eD  (13-1) 

where  ^ in  eV  and  the  Debye  temperature  0^  in  degrees  Kelvin  is  approxi- 
mately satisfied  for  monovalent  metals.22  With  Bp  = 312  K,  (13.1)  gives 
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t j = 5.14  eV.  Since  the  value  Cj  = 4,54eV  at  which  l/T^  and  1 /\j^  are 
equal  at  the  maximum  of  1/ij^  is  well  within  the  accuracy  of  the  rough  esti- 
mate Cj  = 5. 14  eV,  the  value  Sj  = 4.54  eV  will  be  used.  Since  there  is  no 

2 

evidence  to  support  this  value  in  the  alkali  halides,  the  value  of  ty  could  be  in 
error  by  a factor  of  4 , or  perhaps  even  greater. 

The  four-percent  reflection  at  the  front  surface  of  a NaCl  sample  is  neg- 
lected in  calculating  the  intensity.  For  materials  with  large  values  of  nr,  the 

correction  would  become  important.  The  expression  for  the  intensity,  I 
2 

= cnrE  /4 it,  is  easily  derived  from  the  Poynting  vector  or  from  the  relation 
I = (c/nr)  (e/V)  with  energy  density  (e/V)  = (e/V)H  + (C/V)E  = 2(e/V)fi 
* (e/4ir)  and  € = n^  for  the  transparent  materials  considered. 

For  k 5 j kgZ , the  phonon  modes  that  contribute  most  to  the  integrals  in 

23 

1/ T in  Sec.  VIII  are  those  at  the  edge  of  the  Brillouin  zone.  Neutron  data 
shows  that  a:  1/40  eV  for  these  longitudinal-optical  modes  and 

a;  1/51  eV.  A one-dimensional  model,  which  is  relevant  for  k along  ( 111 ), 
shows  that  the  appropriate  mass  M is  the  smaller  one  Mg . Similarly, 

= Mg.  For  k « kgZ , the  phonon  modes  that  contribute  most  to  the  integrals 
have  q kgZ.  Thus,  ss  (^Lo)^  g = 1/31  eV  and  M = Mred.  For 
the  acoustical  modes,  s:  1/31  eV  and  = M^,.  Recent  calculations 
indicate  that  m^  a:  j at  T ( k = 0 ) for  several  alkali  halides.  Since  the 
nearly  free  electron  model  for  conduction  electrons  in  alkali  halides  is  gaining 
popularity,  the  value  m^  = m^  will  be  used  for  electr  i wave  vectors  greater 
than  0. 8kgZ. 
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Sec.  C 

For  the  highly  nonlinear  process  in  which  small  changes  in  E give  rise  to 
great  changes  in  aj£  , only  the  region  near  the  peak  of  the  laser  pulses  is  effec- 
tive. Thus,  the  value  of  the  pulse  duration  t^  is  taken  as  one  third  the  full- 
width-half- maximum  value. 

Electron-hole  recombination  times  and  the  time  required  to  re-form  an 
F center  are  much  greater  than  the  laser- pulse  duration  so  that  these  effects 
can  be  neglected.  On  the  other  hand,  trapping  of  electrons  in  the  excited  state 
of  the  F center  is  not  negligible  in  some  cases,  as  discussed  in  Sec.  VII.  Pos- 
sible effects  on  the  electron-avalanche  breakdown  will  be  considered  in  a subse- 


quent report. 
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XIV.  SUMMARY  OF  RESULTS 


The  processes  by  which  the  starting  electrons  are  generated  and  the 
processes  by  which  their  energies  are  increased  to  the  ionization  value  are 
summarized  in  Table  II  and  Fig.  8.  The  dependence  of  the  breakdown  field 
strength  on  pulse  duration  at  1. 06  Jim  is  shown  in  Fig.  9.  The  agreement  is 
excellent,  especially  in  view  of  the  facts  that  no  parameters  were  adjusted 
and  that  previous  theories  with  parameters  adjusted  disagreed  with  experi- 
ment by  many  orders  of  magnitude  in  t * over  most  of  the  curve,  as  dis- 
cussed in  Sec.  B.  Such  good  agreement  is  likely  to  be  fortuitous,  as  discussed 
below.  It  is  important  that  no  parameters  have  been  adjusted.  Adjusting  the 
value  of  parameters  to  improve  agreement  between  theory  and  experiment  re- 
duces the  credibility  of  any  theory.  This  is  especially  relevant  in  the  present 
case  in  which  the  results  are  so  sensitive  to  small  changes  in  the  value  of  the 
electric  field  E . 


The  dc  results  of  the  sample-length  dependence  are  included  in  Fig.  9. 
These  results  are  conveniently  compared  with  the  laser-pulse-duration  results 
by  converting  the  sample  length  l to  the  time  t^  required  for  the  electron  to 
drift  across  the  sample  by  using  the  expression 

from  (3. 6).  Values  of  t^  for  the  curve  marked  "ji  const"  were  calculated  using 

2a  2 

the  constant,  low  field  experimental  value  of  ji  = 20  cm  / V sec  for  the  mo- 
bility. For  the  ^ = ji(E)  curve,  the  theoretical  expression  for  the  field  depend- 
ence of  mobility  is  given  on  p.  122  of  Ref.  2a.  In  the  variable-  ji  result  used  in 
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Fig.  9.  Comparison  of  preliminary  theoretical  results  with  experimental 
results14’16,10  for  the  dependence  of  the  breakdown  field  strength  on  the 
pulse  duration  t at  1.06^.  The  dc  results  are  displayed  on  the  same 
graph  by  using  t h A/y  E where  A is  the  sample  length  and  ^ the  mobib 
ity.  Figs.  2,  3,  and  4 cf  Sec.  B contain  previous  and  present  theoretical 
results  and  experimental  results. 
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Ref.  25  it  was  assumed  that  the  mobility  decreases  with  increasing  field,  as  it 
should  for  nonpolar  solids.  In  the  theoretical  result  used  here,  the  mobility  in- 
creases with  increasing  field.  The  physical  reason  is  that  fi  = eT^/m  and 
increasing  the  field  increases  the  average  value  of  by  forcing  the  electrons 
into  the  higher  k region  in  Fig.  7 where  the  relaxation  frequency  1/T^  is 
smaller.  Thus,  the  lower  curve  in  (d)  of  Fig.  1 in  Ref.  25  appears  to  be  a 
reasonable  lower  limit  in  general,  but  it  apparently  is  not  approached  in  the 
alkali  halides.  The  theoretical  result  for  the  single  point  calculated  to  date 
lies  on  the  experimental  curve. 


The  comparison  between  theoretical  and  experimental  frequency  dependence 

of  the  breakdown  field  in  Fig.  10  for  10  nsec  pulses  shows  good  agreement.  The 

experimental  point  at  the  ruby-laser  frequency  is  the  10  nsec-pulse  value  of  2. 1 

14 

MW/cm  rather  than  the  4. 7 nsec-pulse  value  of  2. 3 MV/cm  as  in  Fradin's 
original  comparison  of  the  experimental  values  of  Eg  at  different  frequencies. 


The  agreement  with  experiment  of  all  the  theoretical  results  obtained  to  date 
is  better  than  had  been  expected  in  view  of  the  possible  inaccuracies  in  the  calcu- 
lated values  of  oo^,  T^,  and  and  in  view  of  the  rather  gross  approximations 
used  at  this  eaxly  stage  in  the  theory. 


The  theory  presented  here  removes  all  the  difficulties  of  previous  theories 
discussed  in  Sec.  B,  and  the  tentative  results  obtained  to  date  are  encouraging. 
However,  additional  results  from  a number  of  other  studies  are  needed.  These 
include  the  dependence  of  the  breakdown  field  on  temperature,  pulse  duration, 
focal  volume,  impurity  concentrations,  and  material  parameters  at  various  fre- 
quencies including  the  doubled- ruby  frequency.  Whether  the  measured  values  of 
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Fig.  10.  Comparison  of  preliminary  theoretical  results  with  experimental 
results^' of  the  dependence  of  the  breakdown  field  strength  Eg  on  the 
laser  frequency  u)  showing  good  agreement  with  no  adjusted  parameters. 
Figs.  2,3,  and  4 of  Sec,  B contain  previous  and  present  theoretical  results 
and  experimental  results. 


Eg  should  exhibit  a sharp  threshold  or  statistical  behavior  must  be  considered 
for  each  case.  Multiple -pulse  effects,  disorder- material  effects,  and  possible 
ways  of  improving  the  damage  resistance  of  materials  must  be  considered.  A 
transport  theory  that  includes  processes  which  change  the  electron  energy  by  a 
large  amount  has  been  developed  by  Dr.  T.  Holstein  and  will  be  applied  to  the 
problem.  A number  of  additional  specific  mechanisms  that  will  be  considered 
include:  non-vertical  inter -conduction -band  transitions,  multiphoton  inter- 
conduction-band  transitions,  various  additional  processes  for  generating  start- 
ing electrons,  Umklapp  processes  for  the  Holstein  process  and  the  electron- 
phonon  collision  process  at  large  values  of  £,  and  space-change  effects  in  the 
dc  experiments. 
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D.  VUV  WINDOW  FAILURE  BY  MULTIPHOTON  ABSORPTION  AND 
ELECTRON  DEFOCUSING,  AVALANCHE,  AND  ABSORPTION 

M.  Sparks 

Xonics,  Incorporated,  Van  Nuys,  California  91406 


Calculated  val  ues  of  the  intensities  at  which  a window  material  fails 

2 2 

at  the  xenon-laser  frequency  are  60  MW/cm  to  140  MW/cm  for  electron- 

2 2 

plasma  defocusing,  740  MW/cm  for  fracture,  and  1. 6 GW/cm  for  melt- 

2 

ing.  The  lower  value  of  60  MW/cm  , from  impurity  absorption,  applies 
only  if  the  quantum  efficiency  for  generating  conduction  electrons  is  high 
and  the  impurity  absorption  does  not  saturate.  The  Joule  heating  by  the 
conduction  electrons  that  are  generated  by  the  two -photon- absorption  and 
the  electron-avalanche  processes  is  greater  than  the  direct  heating  by  the 
two-photon-absorption  process.  Electron-plasma-induced  optical  distor- 
tion by  these  conduction  electrons  is  greater  than  thermally  induced  opti- 
cal distortion  for  the  cases  considered.  Electron -avalanche  multiplication 
increases  the  conduction-electron  density  above  the  two-photon  value,  the 
effect  being  greater  at  the  higher  intensities.  Ordinary  F-center  absorp- 
tion and  a new  F-center  heating  process  are  shown  to  be  negligible  here, 
but  important  at  other  frequencies  and  at  higher  F-center  concentrations. 
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I.  INTRODUCTION 

Electron- avalanche  breakdown  has  been  studied  previously  in  many  of  the 
alkali  halides  for  frequencies  ranging  from  dc  through  the  ruby-laser  frequency. 
The  original  purpose  of  the  present  investigation  was  to  determine  the  effect  of 
electron-avalanche  breakdown  at  the  xenon-laser  frequency  (fico  = 7.21eV). 
However,  it  was  discovered  that  reasonable  predictions  could  not  be  made  with 
the  existing  theories.  A discussion  of  the  current  status  of  theories  of  electron- 
avalanche  breakdown  is  given  in  Sec.  B of  this  report,  and  preliminary  results 
of  new  theories  of  electron-avalanche  breakdown  applied  at  dc,  10. 6 pm,  1.06  pm, 
and  0.69pm  are  discussed  in  Sec.  C of  the  present  report.  In  the  present  section, 
electron-avalanche  breakdown  and  other  effects  involving  conduction  electrons  are 
considered  for  the  case  of  10  nsec  pulses  of  7.21  eV  radiation  in  LiF.  The  general 
results  are  of  wider  applicability  than  this  special  case.  In  Sec.  E,  optical  dis- 
tortion by  the  enhanced  nonlinear  refractive  index  are  considered.  Other  failure 
mechanisms  were  considered  in  the  Third  Technical  Report.* 

A study  of  the  fundamental  and  practical  limitations  of  transparent  materials 

for  use  as  high-power  optical  components  at  7. 21  eV  is  currently  of  interest  as  a 

2-4 

result  of  the  recent  development  of  the  xenon  laser.  The  output  power  of  the 

first  xenon  vuv  lasers  was  limited  by  the  materials  problem  of  the  melting  of 
3 

the  cavity  mirror.  Since  orders  of  magnitude  greater  power  would  be  feasible 
if  suitable  materials  were  available,  there  is  great  interest  in  obtaining  im- 
proved materials.  The  research  reported  here  is  part  of  a theoretical  program 
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to  understand  the  absorption  and  effects  of  high -intensity  vacuum  ultraviolet 
radiation.  Such  understanding  is  expected  to  be  invaluable  in  materials- 
improvement  programs. 

The  central  results  obtained  in  the  present  section  are  as  follows:  The 
Joule  heating  by  the  conduction  electrons  that  are  generated  by  the  two-photon 
absorption  process  is  greater  than  the  direct  heating  by  the  two-photon- absorp - 
tion  and  the  electron- avalanche  processes.  Electron-plasma-induced  optical 
distortion  by  the  conduction  electrons  generated  in  the  two-photon-absorption 
process  is  greater  than  thermally  induced  optical  distortion  for  the  cases  con- 
sidered, in  which  apDroximately  one  conduction  electron  is  generated  for  each 
photon  absorbed.  Electron-avalanche  multiplication  increases  the  conduction- 
electron  density  n£  above  the  two-photon  value.  The  effect  is  rather  large  for 
the  cases  of  melting  and  fracture,  but  is  almost  negligible  for  electron-plasma 
optical  distortion.  In  addition  to  the  primary  results  for  the  values  of  the  failure 
intensities  with  all  of  the  effects  discussed  above  included,  values  of  for 
individual  mechanisms  are  calculated  to  illustrate  the  relative  importance  of 
the  various  effects. 

In  electron-plasma  optical  distortion,  the  conduction  electrons  generated  by 
the  two-photon  process  and  possibly  ether  processes  cause  a change  in  the  index 
of  refraction  which  in  turn  distorts  the  optical  beam.  This  effect  is  believed  to 
have  been  responsible  for  "defocusing"  observed  in  electron-avalanche  break- 
down investigations  at  lower  frequencies.  Hellwarth^  suggested  that  defocusing 
might  be  responsible  for  repeated  focal  regions  observed  along  a beam. 
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Yablonovitch  and  Bloembergen^  proposed  that  the  diameter  of  self-focused 
beams  may  be  limited  by  this  electron-plasma-defocusing  mechanism. 

The  results  for  the  values  of  the  intensity  1^  at  which  a sample  fails  by 
various  mechanisms  must  be  viewed  as  tentative  since  the  values  of  a number 
of  parameters  that  appear  in  the  theory  are  unknown  and  it  is  necessary  to  use 
estimates  for  these  values.  Thb_  . ’<  of  needed  information  suggests  a number 
of  experimental  and  theoretical  investigations  that  would  be  useful,  as  dis- 
cussed in  Sec.  C.  The  present  estimates  indicate  that  the  lowest  intrinsic  fa»l- 

2 

ure  intensity  If  = 0. 14  GW/cm  is  that  for  optical  distortion  by  the  electron 

plasma  generated  by  two-photon  absorption.  The  electron-avalanche  process 

loes  not  contribute  significantly  to  this  threshold.  Thermally  induced  optical 

distortion,  which  is  negligible  here  as  already  mentioned,  has  been  considered 
7 

previously  for  a number  of  materials  and  frequencies.  Values  of  If  listed  in 

2 2 

Table  1 for  the  various  processes  range  between  0. 14  GW/cm  and  20  GW/cm  . 

Other  effects  that  are  considered  and  shown  to  be  negligible  for  the  present 
case  of  LiF  at  7.21eV  include  F-center  absorption  and  a new  absorption  pro- 
cess in  which  an  electron  in  an  excited  F-center  state  absorbs  a photon.  For 
impure  crystals  or  for  other  experimental  conditions,  both  of  these  processes 
can  be  important. 

Important  results  are  denoted  by  underlined  equation  numbers. 
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Table  I.  List  of  values  of  the  intensities  1^  at  which  a LiF  crystal  fails  by  various 

-8 

mechanisms  for  a single  square  7.21eV  pulse  of  width  t = 10  sec . 


Failure  Intensity  1^  in  GW/crn 


Failure  Mechanism 

two -photon 
+ Joule 
+ electron 
avalanche 

Joule,  with 
n£  from 
two-photon 

two -photon 
only  (total 
conversion 
to  heat) 

Electron-Flasma 
Optical  Distortion 
(6nr  = X/8 1 
= 2. 15  x 10-6) 

0. 144^ 

DNA 

0. 170* 

Thermally  Induced 
Optical  Distortion 
(T  = 0. 3K) 

0. 34* 

0.12* 

0.39* 

Fracture 

(T=7K) 

0.74 

♦ 

1.0 

1.9* 

Melting 
( T = 843  K ) 

1.6 

5.6* 

20* 

* 

These  values,  which  are  listed  for  comparison  only,  cannot  be  achieved  in 
practice  because  other  mechanisms  give  lower  values  of  1^ . 

t 2 

This  lowest  intrincic  value  of  1^  = 144  MW/cm  applies  to  systems  with  strict 

2 

optical  tolerances.  A possible  lower  extrinsic  value  of  60  MW/cm  is  discussed 
in  Sec.  VI. 
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II.  TWO-PHOTON  -PLUS-JOULE  HEATING 


The  two-photon  absorption  generates  conduction  electrons  at  the  rate 


dnc/dt  = 02I /Pfito 


(2.1) 


where  02  is  che  two-photon  absorption  coefficient.  This  expression  (2. 1)  follows 
from  the  rate  of  energy  absorption  /J^I  and  the  fact  that  one  conduction  electron 
is  generated  for  unit  2110)  of  energy  absorbed.  Writing  /?2  as 


02  - (y)  1-0cm’1  > 


I0  = 1.2  GW/cm 
P 


(2.2) 


according  to  an  estimate*  for  LiF  at  7.21eV,  and  integrating  (2. 1)  with  n£  a;  0 at 
t = 0 gives 


„c  . (_L)2  Z4J-I  5.2mo>8cm-3  . M 


10  "^sec 


The  second  factor  of  l/I^  was  introduced  in  (2.3)  for  convenience  in  display- 
ing the  numerical  value  of  n£ . It  should  be  emphasized  that  an  experimental 

value  of  I/,  is  not  available,  and  the  estimated  value  in  (2.2)  could  be  in  error 
P 

by  a factor  of  10  or  perhaps  even  more. 

Consider  the  Joule  heating  of  the  crystal  by  these  conduction  electrons.  The 
holes  will  be  neglected  since  ir  he  alkali  halides  the  hole  mass  is  large  and  the 
holes  become  self  trapoed  to  jrm  centers  at  low  temperatures.  The  Joule 
heating  by  these  conduction  electrons  gives  the  temperature -rise  equation 


dT/dt  = oE2/C 


(2.4) 
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.2  2 


-l 


where  C is  the  heat  capacity  per  unit  volume.  The  conductivity  (nce  T/m)(l+  to  T ) 
can  be  written  in  the  convenient  form 


a ‘ Jl"c  * "lmi*(UT)"t 


(2.5) 


rn \ 2 2' 

al mx  = -TW-  \- m ) ' g (to t)  = 2 to t ( 1 + to  t ) 


-1 


1 


fioo 


m 0, 134 


, ZiUSX  o £M2  a.ioxio'^m^ec'1 


2 -13 

where  r^  = e /me  = 2.82x10  cm  and  m^  is  the  free-electron  mass.  The 


electron -relaxation  frequency  T was  written  as  in  previous  sections.  The 


value  of  Opj  (see  Sec.  C-XI)  is  negligible  with  respect  to  (Xj  in  the  present 


2 -93-1 

case.  The  value  of  cth  = fito  to^(kgT)/ E = 1.71x10  cm  /sec  obtained 


from  (i .j)  must  be  reduced  by  a factor  of  approximately  ten  since  only  a frac- 
tion of  the  energy  fito  appears  as  heat,  the  rest  of  the  energy  being  supplied  to 
elevate  a valence  electron  to  the  conduction  band.  By  contrast,  in  the  cases  of 
the  previous  sections,  only  a small  fraction  of  the  electrons  excited  in  the  first 


Kolstein  transition  reached  S = Cj . 


A number  of  simplifying  assumptions  will  be  made.  The  actual  pulse  shape 


will  be  replaced  by  a square  pulse  of  width  t^  - 10  nsec.  For  the  nonlinear 


processes  considered,  the  appropriate  value  of  t^  is  less  than  the  full-width- 


half-power  value  t^  since  the  higher  values  of  the  electric  field  are  much 

more  effective  than  the  lower  values  in  nonlinear  processes.  A reasonable 
1 


choice  is  t^  - jt^,  which  implies  that  t^  - 30  nsec  in  the  examples.  The 
temperature  dependence  of  all  parameters  is  neglected.  Trapping  of  the 
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conduction  electrons  will  be  neglected.  For  relatively  pure  samples  there  should 
be  fewer  than  ~5  x 10^  negative-ion  vacancies  per  cubic  centimeter.  Thus,  even 
if  every  negative-ion  vacancy  trapped  an  electron,  the  number  of  trapped  elec- 
trons «'Duld  be  a small  fraction  of  the  number  generated  according  to  (2.  3)  with 
reasoi  able  values  of  I.  Calculations  will  be  made  for  LiF,  ambient  temperature 
T = 3C0K,  and  "fico  = 7.21  eV.  The  small  reflection  of  3%  at  the  front  surface 
is  neglected,  as  are  local  field  corrections.  Other  assumptions  will  be  discussed 
as  introduced. 

Substituting  (2.5)  and  (2.3)  into  (2.4),  integrating  from  t = 0 to  t = t , 

2 

where  t is  the  laser-pulse  duration  discussed  above,  and  using  E = 4 it  I/nrc 
gives 

TJ  = ffffimj  g(wT)  h l2/nrc  CiUo 
which  can  he  written  as 

£121)  U44  4,12J/cm3K  f(  I \\  -90K 

J 0.134  m nr  C \ fiw  / \w*seJ  ' 

(2.6) 

for  the  temperature  rise  Tj  from  Joule  heating. 

2 

In  passing,  it  is  mentioned  that  the  relation  between  E“  and  I given  above 
can  be  obtained  from  the  Poynting  vector  or  from  the  relation  I = (£/  V)v  with 
v = c / nr  and  £/  V = ( n^.  E2  + H2)  /8  v where  H = nr  E . For  LiF , with  nr 
- 1.44,  the  value  of  E at  I = 1^  = 1.2GW/cm^  is  E = 0.560  MV/cm. 

The  value  of  g(coT)  - 0. 134  used  in  (2.6)  corresponds  to  to  = 1.095x10^ 
sec  * and  T = ’.36x10  ^ sec.  There  is  no  experimental  value  of  t,  and  the 
calculated  value  from  Sec.  C could  be  in  error  by  a factor  of  5 or  so. 
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In  the  absence  of  Joule  heating,  the  temperature  rise  would  be  smaller  than 
the  value  given  in  (2.6).  If  all  the  absorbed  energy  in  the  two-photon  process 
appeared  instantaneously  as  heat,  the  temperature  rise  would  be  given  by 

T2  * W0 

<2-7 

The  assumption  of  instantaneous  heating  apparently  is  not  satisfied,  as  discussed 
in  Sec.  VIII. 

The  ratio  of  Tj  to  T2 
Tj  = T2  = 0.518K  at  I = 


“8 

is  proportional  to  the  fluence  t^I . For  t^  = 10  sec, 
0. 506GW/cm^.  For  smaller  values  of  I,  Tj  < T2 . 
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i 

I 

111.  FAILURE-INTENSITY  THRESHOLDS 

** 

The  intensity  at  which  a system  will  fail  as  a result  of  the  temperature  rise 
discussed  in  Sec.  Ill  and  as  a result  of  the  conduction-electron  defocusing  in 
Sec.  IV  depend  strongly  on  the  details  of  the  particular  system  of  interest.  If 
strict  optical  tolerances  must  be  maintained,  the  failure  intensity  lf  will  be  s 

limited  to  values  well  below  the  values  at  which  the  material  thermally  frac- 
tures or  melts.  If  the  beam  is  focused  in  a small  volume,  thermal  diffusion 

“8  3 

will  reduce  the  temperature.  For  t = 10  sec,  C = 4. 12  J/'cm  K,  and  K 

= 0. 11  VV./cmK,  the  characteristic  thermal  diffusion  length  is  - (Kt^/C)1^ 

= 1.6  Jim.  For  thermally  induced  optical  distortion,  the  value  of  dn/dt  must 

be  taken  at  constant  strain  (constant  lattice  spacing)  if  t SL/v  where  Si  is 

P S 

a sample  dimension,  while  in  other  cases  dn/dt  at  constant  stress  must  be 
”8 

taken.  For  t =10  sec  and  v = 5 x 10"  cm/sec,  the  corresponding  value  of 
? s 

Si  is  Si  = 50fim.  The  effect  of  non- instantaneous  heating  by  two-photon  absorp- 
tion, as  discussed  in  Sec.  VIII,  has  different  consequences  for  different  experi- 
mental conditions.  In  addition  to  affecting  the  value  of  If,  these  effects  must  be 
considered  carefully  when  testing  a material  under  different  conditions  from 
those  of  the  application.  Using  a small  foccl  volume  and  short  pulse  duration 
to  obtain  high  power  and  high  intensity  with  small  test  lasers  is  an  example. 

In  view  of  these  considerations  which  make  1^  depend  on  the  system  param- 
eters, it  is  not  possible  to  give  universal  values  of  1^,  and  values  for  specific 


systems  will  have  to  be  calculated  individually.  Nevertheless,  it  is  desirable  to 
obtain  an  idea  of  the  relative  importance  of  the  different  effects.  Thus,  values 
of  Ij  will  be  calculated  for  a set  of  conditions,  which  are  a single  square  pulse 
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-8 

of  width  tp  = 10  sec,  -fito  =7.21eV,  and  negligible  thermal  diffusion.  Furthermore, 
T2  will  be  neglected  when  considering  optical  distortion,  under  the  assumption 
that  the  heating  of  the  lattice  occurs  after  the  pulse  has  passed.  For  melting  or 
fracture  T2  will  be  included.  The  threshold  for  irreversible  failure,  such  as 
caused  by  melting  or  fracture,  will  be  taken  formally  as  the  value  of  lf  required 
to  bring  T up  to  the  melting  temperature  Tm  or  fracture  temperature  T{f . It  has 
been  argued  that  T = T is  a reasonable  criterion  for  the  case  of  focusing  inside 

Q 

the  sample.  However,  unf\±r  certain  conditions,  including  high  intensities  at  the 

sample  surface,  the  material  can  fracture  at  the  much  lower  temperature  T^ 

3 

2 2o/aE  = 7K,  where  a = 1.6x  10  psi  is  the  strength  of  the  material,  E 

7 -5-1 

= 1.5  x 10  psi  is  the  Young's  modulus,  and  a = 3.23  x 10  K is  the  linear 

thermal  expansion  coefficient.  Values  of  1^  will  be  calculated  for  the  three  cases 
of  T = Tm , Tfr , and  Tq  (for  optical  distortion),  which  are  called  melting,  frac- 
ture, and  thermally  induced  optical  distortion,  respectively. 

For  T = Tj  + T2  , the  value  of  If  can  be  obtained  from  (2. 8)  with  Tj  and 
T2  given  by  (2.6)  and  (2.7).  The  result  can  be  written  as 

> • (rr T&fyx)1*  ■ 

For  melting,  setting  T = Tm  = 843  K in  (3. 1)  and  solving  for  I = If  gives 
If  = 4.63  1^,  or 

If  = 5.6  GW/cm2  (melting)  . (3.2) 

For  T = Tf  = 7K,  (3.1)  gives  lf  = 0.85  1^,  or 

If  = 1.0  GW/cm  (T  = Tfr)  . 03} 
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Without  the  Joule  heating,  substituting  Tm  and  into  (2.7)  and  solving  for  1^ 

2 2 

gives  20 GW/cm  and  1.9  GW/cm  , respectively,  which  are  factors  of  ~2  and 

2 

~4  greater  than  the  values  in  (3.2)  and  (3.3).  [The  value  of  1.9 GW/cm  is 

1 2 

more  accurate  than  the  previous  estimate  of  0.6  GW/cm  , although  both  are 
rough  estimates.] 

Next  consider  the  value  1^  of  intensity  at  which  thermally  induced  optical 

distortion  becomes  intolerable.  The  value  of  T (in  the  center  of  a beam  trun- 
2 

cated  at  1/e  ) corresponding  very  roughly  to  halving  the  tnrget  intensity  is 

t = x/8x  | anT  | 

where  dnT  = dnr  / 3T  plus  other  terms  corresponding  to  bulging  from  thermal 

7 

expansion  and  stress-optic  effects.  With  X = 174  nm,  i = 1 cm,  and  &nT 
= 8x10  *,  this  gives 

T = 0.3  K (3.4) 

o 

Substituting  (3.4)  into  (2.6)  and  solving  for  I gives  1^  = 0.352  1^,  or 

If  = 0.42  GW/cm2  . (3.5) 

for  this  case  of  thermally  induced  optical  distortion.  For  the  common  short- 
pulse  case,  the  derivative  dn/dT  is  at  constant  lattice  spacing  as  discussed 
above.  Then  the  value  of  1^  from  this  source  can  be  considerably  greater  than 
0.42  GW/cm.  This  is  unimportant  in  any  event  since  1^  from  de focusing  by  the 
electron  plasma  is  even  greater. 
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IV.  OPTICAL  DISTORTION  HY  THE  ELECTRON  PLASMA 


The  change  6nf  in  the  refractive  index  nf  resulting  from  exciting  conduction 
electrons  can  cause  optical  defocusing  (as  opposed  to  focusing,  in  the  sense  that 
6nr  is  negative).  The  estimate  below  indicates  that  this  process  has  the  lowest 
threshold  1^  of  the  nonlinear  processes  considered  to  date. 

The  magnitude  of  6n^ , which  is  unknown,  can  be  estimated  as  follows:  First, 

q 

the  holes  are  neglected  and  the  free -electron  gas  result  for  cc  T » l 

1/2 


nr  = *1/2  = (nrt  - Wp/^> 


(4.1) 


is  used.  Here 


co2  = 4tt  n e2/m  = (6. 41  x 1013  sec"1  )2 
pc 


(4.2) 


17  -3  1 

for  n£  = 6.46x10  cm  from  (2. 3)  and  (3. 5)  and  m = ^-mf.  Expanding  (4. 1) 
2 2 

for  small  u)p/u}  gives  n^  + 6nr  with 


6n  = - u)2/u)2  2 n = - ( X, r-  ) 1. 19  x lO-5  . 

r P r \6.46xl017cm"3  / 


(4.3) 


Another  convenient  expression  for  6nr  is  obtained  by  substituting  n£ 
from  (2.3)  into  (4. 3): 


6n-- = ■ (i) 


1. 07  x 10 


-4 


(4.4) 


where  1.2  0 /cmz  a3  before. 
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A similar  value  is  obtained  from  an  extreme-tight  binding  estimate. 
Conceptually,  the  creation  of  the  electron-hole  pair  involves  the  transfer  of 
an  electron  from  a Cl  ion  to  a F+  ion,  leaving  neutral  Cl  and  F ions.  This 
excitation  then  must  be  spread  throughout  the  lattice  appropriately.  Since  the 
electronic  polarizabilities  of  the  Cl  ion  and  the  neutral  Cl  ion  are  different, 
the  refractive  index  will  change  on  the  creation  of  the  electron -iiole  pair. 

As  a very  rough  approximation,  the  change  in  the  value  of  n - 1 may  be  of 

3 

the  order  of  n - 1 ( = 0. 44 ) if  all  N ion  pairs  per  cm  were  converted  to  neutral 
atoms.  Specifically,  it  is  assumed  that  nr  changes  by 

6nr  = -0.44  nc/N  . 

17  -3  ??  -3 

With  nc  = 6. 46  x 10  cm  as  above  and  N = 6. 12  x 10  ' cm  , this  expression 

6nr  = - 4. 64  x 10-(\  in  reasonable  agreement  with  the  value  in  (4. 3). 

The  criterion  used  for  failure  by  optical  distortion  will  be  taken  as^  1 6nr  | 

= X/8 1 = 2.  15  x 10  Thus,  the  estimated  value  of  |5nr  | in  (4.  3)  is  greater 
than  the  corresponding  change  from  heating  that  corresponds  to  the  failure  by 
optical  distortion  considered  in  Sec.  111.  The  value  of  nc  corresponding  to 
6nr  = -2. 15  x 10  ^ is,  from  (4.3), 

n£  = 1.04  x 10^  cm  ^ . (4.5) 

The  value  of  If  that  gives  rise  to  6nr  = 2.5  x 10  ^ is,  from  (4.4), 

L = 0. 142  Ifl  = 0. 170  GW/cm2  . (4.  6) 

f P 
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It  is  of  interest  to  compare  the  electron-plasma  value  of  6nr  with  the 
value 

6nr  = E2  (self  focusing)  (4.7) 

-13  2 

for  self  focusing,  where  ^ - 10  esu.  With  E = 4ffl/nrc,  which  gives 
E = 0.269 MW/cm  for  I = 1^  = 1.2  GW/cm2,  (4.7)  can  be  written  as 


1 -7 

— 3.2x10 


(self  focusing)  . (4. 8) 


Comparison  with  (4.4)  shows  that  at  1 = 1^ , | 6nr  | from  the  electron  plasma 
is  a factor  of  300  greater  than  that  for  self  focusing.  For  small  values  of  1, 
the  self  focusing  becomes  relatively  more  important  since  6nr  ~ I for  self 
focusing  while  |6nr|~  I2  for  electron-plasma  defocusing.  However,  what  is 
more  important,  when  tico  is  less  than  twice  the  absorption  edge,  the  two- 
photon  process  cannot  conserve  energy,  and  the  remaining  smaller  absorption 
process  generates  fewer  electrons.  The  point  is  that  it  is  not  to  be  concluded 
that  electron-plasma  defocusing  would  prevent  seif  focusing  in  general.  Finally, 
C.  J.  Duthler  has  suggested  that  there  may  be  large  enhancement  in  the  value  of 
a 2 that  could  make  the  self-focusing  value  of  1^  smaller  than  the  electron - 
plasma  value,  as  discussed  in  Sec.  E. 
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V.  ELECTRON  AVALANCHE 


In  this  section  it  will  be  shown  that  electron-avalanche  effects  lower  the 
values  of  for  fracture  and  melting,  but  not  for  electron-plasma  optical  dis- 
tortion. However,  the  effect  is  marginal  and  relatively  small  errors  in  the 
values  of  parameters  used  could  change  this  conclusion.  In  the  avalanche 
multiplication  processes  considered,  it  is  not  necessary  to  have  conduction 
electrons  present  originally.  This  is  important  since  the  original  density  ap- 
parently is  so  small  that  the  probability  of  finding  a conduction  electron  in  a 
small  focal  volume  is  much  less  than  unity.  The  lucky- reversing  electron 
mechanism,  which  also  is  believed  to  be  negligible,  is  not  used. 


With  avalanche  electron  multiplication  included,  (2.1)  contains  the  extra 

term  co  n : 
c c 


dnc 

-dT  = n 2 + wcnc 


(5.1) 


where  w,  is  the  electron-avalanche  frequency  to  be  discussed  below  and,  from 
(2.3) 


• / J \ 7j_21 

"2  ) fiOJ 


21  eV  c „.  in26  -3  -1 

5.21  x 10  cm  sec 


(5.2) 


At  small  times,  for  which  n£  is  small,  the  avalanche  term  w,nc  in  (5. 1)  is  neg- 
ligible with  respect  to  the  constant  term  r^,  and  nc  increases  linearly  in  time. 

If  the  pulse  is  sufficiently  long  for  n to  reach  the  value  n9/u>  , the  avalanche 

c ^ c 

term  oo  n dominates  and  n increases  exponentially.  Thus  it  is  seen  that  elec- 
c c c 

tron  avalanche  is  negligible  if 


n 


< n2/0!c  » 


cx 


(5.3) 
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An  estimate  of  the  value  of  co  can  be  obtained  as  follows.  It  is  easy  to 

c 

show  by  the  agreement  of  Sec.  B that  previous  electron- avalanche  mechanisms 
give  extremely  small  values  of  to, . The  strongest  conduction-electron-genera- 
tion process  seems  to  be  the  Holstein  photon-electron-phonon  process,  which 
increases  £ from  the  small  equilibrium  value  to  -fico  = 7.21eV,  followed  by  a 
vertical,  one-photon,  inter-conduction-band  transition.  The  Holstein  process, 
which  is  discussed  in  Sec.  C-IX,  allows  the  electron  to  absorb  the  full  energy 
fioo  of  the  photon  in  a single;  process  since  the  phonon  can  take  up  the  excess 
momentum.  The  value  of  the  frequency  co^(kgT)  of  the  Holstein  process  for 
electrons  of  energy  k^T  is  obtained  from  (9.26),  (9. 16),  (9. 19b),  (9.21),  and 
(9.29c)  of  Sec.  C-IX,  from  which  the  scaling  factors  from  NaCl  to  LiF  are 


1 


co 


HO 


(2nL0+l)X 

a3  M co 
nn  r p 


7/2 


co 


HA 


„ „2X5/2 

ann6P  X 

Mr  co  2 
E P 


(5.4) 


(5.5) 


It  was  assumed  that  the  deformation-potential  parameter  scales  as  the  Debye 
temperature  0^  and  that  2nLA+1  — 2 kjjT/ficOjj^  for  the  longitudinal-acousti- 
cal modes.  Relative  values  of  the  parameters  in  (5.4)  and  (5.5)  for  LiF/NaCl 

are:  a ~ 2.014  / 2. 820;  co  ~ co.  n = 662  / 264;  M = 5. 08/  13. 9;  2 n.  + 1 
nn  p LU  r UJ 

~ 1.09/1.79;  25.95/58.45;  and  0^  ~ 732/321.  With  these  values,  the 

equations  listed  above  give 


°°c  = "H<kBT>  = r 5. 15xl03sec  * 

0 


(5.6) 
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Substituting  (5.2)  and  (5.6)  into  (5. 3)  gives 

io  _ q 

n = (I/L.)  1.01X  IO10  cm  a . ^7) 

cx  p 

-6  17  - Q 

From  (4.3)  with  fin  = -2. 15  x 10  the  value  of  n is  1. 16x10  cm  . From 
r c 

(5.7)  with  I = 0.2GW/cm^,  n£x  = 1. 69xl0*7cm  Thus  n£  is  only  slightly 
less  than  n£x,  and  avalanche  multiplication  is  not  entirely  negligible  for  electron- 
plasma  optical  distortion. 

The  same  comparison  of  n£  with  n£x  for  the  cases  of  fracture  and  melting 

show  that  electron  avalanche  cannot  be  neglected  for  these  cases  either.  For 

2 

example,  for  fracture,  (2. 3)  and  (5. 7)  with  I = 1.0  GW/cm  give  n£  = 3.62 
18  -3  17  -3 

x 10  cm  and  n£x  = 8.43x10  cm  . The  corresponding  values  for  melting 
?n  -Q  8 

are  n = 1.13x10  cm  and  n = 4.66x  10  cm  .In  both  cases  n > n . 
c cx  c cx 

Including  electron  avalanche  reduces  the  values  of  If  as  follows.  Substituting 
the  solution  to  (5. 1), 

nc  = (n2/wc)[exP(wct)-  !]  (5.8) 


into  (2.4),  using  (2.5),  and  integrating  gives 


T = 


4 n Oj  I 


Coj  n c 
c r 


“c*  , 

e - 1 - to  t 
c 


) ■ 


Setting  t = tp  and  taking  the  logarithm  gives 


/ CTn  cco 

to  t = in  [ ~ — - + 1 + co  t 

C P \ A *T  t'l  rr  T C P 


4 ri  n.,  bj  I 


(5.9) 
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which  can  be  written  in  the  convenient  form 


I _ 1 

I |j  5. 15 


la 


1 1.47  X 103 


T 

m 


■£  + 1 + 5. 15 


(5. 10) 


where  (5. 6)  has  been  used. 

The  value  of  I can  now  be  found  by  solving  (5. 10)  numerically,  which  gives 

9 

^ = 1, 6 GW/cm  for  T = T = 843  K . This  value  is  smaller  than  the  value  of 
2 

5. 6 GW/cm  calculated  with  avalanche  neglected  and  is  an  order  of  magnitude 

2 

smaller  than  If  = 20  GW/cm  for  two-photon  absorption  only.  The  value  of  E 

2 1/2 

corresponding  to  I = 1.6  GW/cm  is  E = (4ir  i/cn  ) ' = 0.65 MV/cm. 

For  T = T.  = 7K,  the  solution  of  (5. 10)  is  I = 0.617  la=  0.74  GW/cm2, 
fr  p 

2 

which  is  only  slightly  smaller  than  the  value  1.0  GW/cm  obtained  by  neglecting 

electron  avalanche.  For  T = 0. 3K,  (5.10)  gives  I = 0.284  1^  = 0.34 GW/cm2, 

2 

compared  with  I = 0.352  1^  = 0.42  GW/cm  without  avalanche  breakdown. 

For  the  case  of  electron-plasma  defocusing,  where  the  failure  criterion  is 
n£  = 1.04X101?cm  3frnri(4.5)  rather  than  T = Tm  or  T^  Thus  (5. 8)  is 
written  as 


to  t 
c p 


in 


/ ncMc 

\ h 


(5.11) 


With  n from  (4.5),  w from  (5.6),  and  n9  from  (5.2),  this  result  (5.11) 

CO  z 

becomes 
I 

Y 
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VI.  CONDUCTION- ELECTRON  GENERATION  AND  HEATING 
BY  EXTRINSIC  LINEAR  ABSORPTION 

It  will  be  shown  that  the  generation  of  electrons  by  one-photon  absorption, 

the  multiplication  by  the  electron- avalanche  procef^,  and  the  lesulting  electron - 

2 

plasma  defocusing  can  give  the  lowest  failure  threshold,  1^  = 60MvV/cm  , of 

any  of  the  processes  conjidered  to  date.  However,  such  a low  threshold  would 

require  nearly  one  conduction  electron  generated  for  each  photon  absorbed  and 

17 

no  bleaching  of  the  absorption  centers  for  10  photons  per  cubic  centimeter 

17  -3 

absorbed.  For  impurity  absorption,  this  value  of  10  cm  corresponds  to 
1.3  parts  per  million  of  the  impurity,  which  may  well  exist  in  the  samples. 

Tomiki  and  Miyata1^  have  reported  values  of  0 for  LiF,  as  well  as  for 
NaF,  CaF2  , BaF2  , and  SrF2,  between  0. 1 and  1cm  1 at  7.21eV.  The  origin 
of  such  strong  absorption  is  not  known,  but  it  is  surely  extrinsic  and  is  ex- 
pected to  vary  from  sample  to  sample.  At  such  a high  photon  energy  as  7.21eV, 
the  process  must  be  electronic.  It  is  likely  that  conduction  electrons  are  gener- 
ated in  this  absorption  process,  but  this  is  by  no  means  certain.  For  example, 
transitions  between  electrons  in  the  valence  bands  and  imperfection  states  in 
the  gap  could  be  involved.  The  consequences  of  assuming  that  conduction  elec- 
trons are  generated  will  now  be  considered. 

For  n electrons  generated  by  each  photon,  the  rate  of  conduction -electron 
generation  r»j  is 

n.  = n&-=  Tl  ■ P , r-  1.04  x 1027  v 3 sec"1  . (6.1) 

1 1cm"1  V 1 
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Comparison  with  (5.2)  shows  that  for  the  observed  value  of  j3  = 0. 15  cm  * and 

Tj  = 1,  the  one-photon  and  two-photon  generation  rates  are  equal  at  I = 0.36 
2 

GW/cm  , and  that  for  smaller  values  of  I.  Thus  is  not  negligible 

in  general. 

The  corresponding  value  of  1^  for  electron-plasma  defocusing  is  easily  ob- 

• • • 

tained  from  (5. 11)  with  to,  given  by  (5.  6)  and  n 2 replaced  by  + n^ . This 
gives 


P 


1 

37F 


In 


0. 343 

l + 3.34  (I/I, 


P 


T + 1 ) • 


The  solution  is 


I,  = 5. 00  x 10  2 Ifl  = 60  MW/cm2 
f P 


(6.2) 


From  (5.4)  the  value  nc  corresponding  to  (6.2)  is 


n = 1.04  x 1017  cm  ^ 


(6.3) 


In  order  to  generate  this  electron  density,  there  must  be  a sufficiently  great 

17  -3 

density  of  imperfections.  Some  of  the  10  cm  electrons  in  (6. 3)  are  gener- 
ated by  the  avalanche  process,  some  by  two-photon  ionization,  and  some  by 
ionizing  the  imperfections.  The  density  from  imperfections  is,  neglecting 
saturation 


n.  2:  n,  t = 7.8  x lO^cm  ^ 
imp  1 p 
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Thus,  most  of  the  electrons  come  directly  from  the  imperfections  in  this  case. 

16  22 

The  corresponding  imperfection  concentration  is  7.  8 xlO  / 6. 09  x 10  , or 
1.3  parts  per  million. 

This  value  appears  to  be  reasonable,  and  it  is  consistent  with  the  following 
rough  estimate.  A typical  absorption  cross  section  axc  is 

°xc  = 0/N  — 10“  cm  * / 6 x 10^  cm  ^ = 1.7x10  ^cm^  . 

Thus, 

n.  * /3/a  s 0.15  cm"1/  1.17  x 10‘18  cm2  = 9xlOi6cm_1  . 
imp  r xc 


The  estimate  indicates  that  the  imperfection  density  n.m  corresponding  to  the 
measured  value  of  /3  is  marginally  sufficient  to  furnish  the  required  number  of 
electrons. 


Nexi,  consider  the  ordinary  linear  heating  by  one-photon  absorption.  The 
rate  of  energy  absorption  by  the  sample  is  dC  /dt  = /3lV,  which  can  be  inte- 

a 

grated  to  give 


vv 


(6.4) 


If  the  absorbed  energy  were  converted  to  heat,  the  temperature  rise  would  be 


T - J*  ‘ _A_  ( \ 2.85K  (6. 

1 cm"1  l/3  10*  sec  \ c / 

Thus,  the  observed  value  of  /3  ^ 0.15  cm  1 gives  T = 0. 43  K at  I = 1^  = 1.2 
2 

GW/cm  , which  is  sufficient  to  cause  thermally  induced  optical  distortion,  as- 
suming that  the  value  of  Tq  = 0.  3K  for  constant  stress  is  appropriate. 
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The  thermally  induced  optical  distortion  is  negligible  with  respect  to  the 
electron-plasma  defocusing  unless  the  quantum  efficiency  X]  is  quite  low. 
Furthermore,  the  value  of  T = 0.43K  may  be  reduced,  possibly  by  a factor 
of  10  or  more  in  some  cases,  by  incomplete  conversion  of  the  absorbed  energy 
to  heat,  as  discussed  in  Sec.  VIII.  Finally,  the  absorption  may  saturate  as 
above.  For  example,  in  the  present  case  if  transitions  from  (or  to)  impurity 
levels  are  involved  in  the  absorption,  all  of  the  levels  may  be  emptied  (or 
filled)  before  £ reaches  the  value  in  (6. 4). 

cl 
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VII.  F-CENTER  EFFECTS 

It  will  be  shown  that  the  well  known  F-center  absorption  in  "uncolored"  LiF 

■8 

crystals  at  7.21  eV  and  t = 10  sec  is  negligible.  A new  electron- avalanche 
and  heating  mechanism  involving  trapping  of  electrons  by  negative -ion  vacancies 
is  found  to  be  unimportant  in  uncolored  crystals  at  7.21  eV,  although  it  can  be 
important  at  other  frequencies. 

Consider  the  density  np  of  F centers  and  the  density  n_  of  negative- ion 
vacancies,  which  are  needed  in  the  calculation  of  both  effects.  The  value  of  the 
absorption  coefficient  /3  in  the  F-center  absorption  band  has  been  well  studied 
for  many  alkali  halides.  The  results  are  often  related  to  Smakula's  equation,** 
which  gives 

M2X  10"*6nFcm"*  (7.1) 

where  np  is  the  number  of  F centers  per  unit  volume,  for  NaCl  or  KC1  at  300  K 
at  the  absorption  peak.  The  value  for  LiF  at  300  K should  be  approximately  the 
same.  The  room-temperature  absorption  peak  for  LiF  occurs  at  5.0eV.  The 
value  of  /3  at  7.21  eV  is  much  smaller  than  the  peak  value  in  (7. 1)  of  course. 
Absorption  on  the  high-frequency  side  of  the  F-center  absorption  band  (in  the  H, 
K,  L,  and  V bands  and  nearer  the  absorption  edge  in  the  a and  /3  bands,  for  ex- 
ample), has  been  studied  in  detail  in  a number  of  materials,  but  apparently  not 
in  LiF. 

For  the  chloride  crystals  LiCl,  NaCl,  KC1_.  RbCl,  and  CsCl,  the  F-center 

absorption  occurs  in  the  visible;  thus  the  presence  of  F centers  manifests  itself 

as  coloration  of  the  crystals,  which  are  water-white  when  pure.  One  simple  cri- 

-2  -1 

terion  for  detectability  of  absorption  is  that  /3  > 10  cm  . Then  for  l = 1 cm 
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one  percent  of  the  radiation  is  absorbed.  This  criterion,  which  will  be  denoted 
"uncolored,"  will  be  used  in  estimating  the  number  of  F centers  in  high-quality 
LiF,  where  the  F-center  absorption  is  in  the  ultraviolet,  rather  than  visible, 
region. 

-2  -1 

According  to  (7. 1)  with  j3  > 10  cm  , 

nD  < 5x  1013 cm"3 
F 

for  an  uncolored  crystal.  Even  if  every  electron  were  excited  from  the  F centers 

13  -3 

into  the  conduction  and,  the  resulting  value  cf  n£  = 5 x 10  cm  is  much  less 

17  -3 

than  the  value  of  1.5  x 10  cm  generated  by  two-photon  absorption  according 

2 17  -3 

to  (2.  3)  with  1=  0.2  GW/cm  . In  fact,  1.5x10  cm  would  be  large  concentra- 
tion of  F centers.  The  maximum  F-center  concentration  that  we  have  found  hi 

19  -3 

the  literature,  which  was  5 x 10  cm  in  a thin  film  at  the  surface  of  a NaCl 
sample  generated  by  electrons  and  measured  at  90  K,  is  several  orders  of  mag- 
nitude higher  than  densities  normally  encountered.  The  point  is  that  it  is  likely 
that  F-center  absorption  wil’  be  negligible  with  respect  to  two-photon  absorption 
at  7.21eV  and  10  nsec  unless  the  crystals  are  very  heavily  colored. 

It  should  be  mentioned  that  in  a single  10  nsec  pulse  there  will  be  very  few  F 
centers  formed  by  trapping  the  generated  electrons  at  existing  chlorine  vacan- 
cies since  the  time  constant  for  this  process  is  ~ 10  ^ sec.  Direct  F-center 
foimation  by  the  two-photon  absorption  process  is  believed  to  be  small  since 

2fiu)  is  not  near  the  exciton  absorption  peak.  However,  the  effect  of  high 

12 

transient  absorption  recently  observed  at  the  Naval  Research  Laboratories 
will  be  considered  in  a later  report. 
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Consider  the  second  F-center  effect  as.  lated  with  the  excited  state.  It  is 

known  that  conduction  electrons  are  readily  trapped  by  negative-ion  vacancies  to 

form  the  excited  s^ate  F*  of  an  F center.  The  subsequent  transition  to  the  ground 

state  F is  slow  (~  10**  sec  at  room  temperature  in  NaCl).  Since  the  F*  state  is 
8 

localized,  it  is  not  necessary  to  conserve  momentum  in  the  process  of  absorbing 
a photon.  Thus,  the  photon  energy  fico  can  be  absorbed  by  the  electron,  as  it  can 
in  the  Holstein  process. 

In  the  cF*c*  process,  a low-energy  conduction  electron  c is  trapped  in  the 
F*  state  and  then  absorbs  a photon  fico  and  ends  in  the  conduction -band  state  c* 
with  energy  fico  - 6p*.  Very  briefly,  the  estimate  that  this  process  is  negligible 

in  the  current  case  of  uncolored  crystals  at  7.2 leV  uses  the  value  CO  p+  = 8.25 

9 15  -3  -1  13 

x 10  X(n_/5xl0  cm  )sec  , which  is  an  estimated  value  for  NaCl,  vnd 


u>pV 


fi 


7.21  eV  „ ,„11  -1 

— - G(co)  1.04x10  sec 

..CO 


(7.2) 


In  (7.2),  the  peak  value  (at  G = 1)  was  estimated  by  using  the  cross  section 
corresponding  to  Smakula's  equation.  For  fico  £ ^,  where  £ ^ is  the  value 
of  fico  at  which  the  maximum  absorption  occurs,  G(co)  should  not  be  greater 
than 

i 2 

^ Wnk  2 -3 

G(co)  - " 2~; P ~2 — “ 2 (0.22  / 7. 21 ) = 1. 86  x 10  6 . 


co  + co 


pk 


where  co^  is  the  value  of  co  at  the  absorption  peak.  With  (7.2)  this  gives 


*8 -1 


C0rj*  * 1.9xl0usec  x,  and  the  contribution  n„*  of  cF*c*  to  dn  /dt  is 
F c F c 
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nF*  - r 


I 7.21eV 


F G(go)  nrn.,in23  -3  -1 

r» *-  — 9.50  x JO  cm  sec 

5x10  cni  1. 9x  10  J 


(7.3) 


after  all  n_  traps  have  been  filled.  It  was  tacitly  assumed  that  the  c*  electrons 


are  in  turn  given  energy  C £ G^  by  the  one -photon  absorption  process  so  that 


another  conduction  electron  is  generated.  Comparison  of  (7.3)  with  (5.2)  gives 


h * = n0  at  I = 2.16x10  ^GW/cm^  for  n-*  - 5x  lO^cm  or  at  0.216GW/cm^ 
F ^ r 


17  -3 

at  5 xlO  cm  , which  shows  that  the  effect  is  negligible  except  perhaps  at  high 


negative- ion  concentrations  or  low  intensities. 


Since  the  absorption  is  so  far  in  the  wings  of  ;he  assumed  bound-state  to 


bound-state  process,  the  frequency  for  the  bound  state  to  free-electron  state 


was  calculated,  but  found  to  be  negligible.  Using  the  golden-rule  result  for  the 

i l2 

transition  probability  TP  = {2u/fi)  E M * * 6(G),  a parabolic  conduction 

k ! F c I 

band,  0 ~ exp(-  Kr),  with  K 1 of  the  order  of  a few  tens  of  angstroms,  for  the 


F wave  function,  the  A*  p interaction  Hamiltonian,  and  free  electrons  in  the 


conduction  band  gives 


6 3/2  5/2 

™ I K / 1.44  \ / 7.2ieV  \ , C£  „ ,n7  -1 

go  * * = TP  = - — — — I 1.56x  10  sec 

F c (e  + eK)4  \ nr  / \ I 


9 -1 

which  is  smaller  even  at  the  peak  at  C a than  the  value  1.  9 x 10  sec 


used  above. 


The  cF  c*  process  can  be  important  in  other  cases  as  a heating  mechanism 


when  the  c*  electrons  relax  back  to  thermal  equilibrium,  rather  than  being  further 


accelerated  to  G ^ G^.  Finally,  it  should  be  pointed  out  that  some  process  such 


as  two-photon  absorption  is  necessary  to  supply  the  c electrons  to  start  the 


cF  c process. 
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VliL  TWO-PHOTON-HEATING  TIME  DELAY 

The  final  effect  considered  here  is  that  the  energy  2 boo  absorbed  by  the 
crystal  when  the  two  photons  are  absorbed  does  not  appear  as  heat  in  the  crys- 
tal during  the  pulse  duration.  This  effect  is  less  important  than  the  6nr  effect 
above  since  the  Joule  heating  dominates  the  straight  /3  absorption  heating  even 
under  the  assumption  that  the  2fito  of  energy  appears  as  heat  instantaneously. 
This  is  fortunate  since  the  conversion  to  heat  is  not  completely  understood. 

The  following  brief  comments  illustrate  the  types  of  problems  involved 
The  central  effects  are  that  the  time  constants  involved  in  the  relaxation  of  the 
electronic  energy  to  heat  may  be  longer  than  the  laser  pulse  duration  (so  that 
the  heating  occurs  after  the  pulse  is  over)  and  that  part  of  the  2fico  energy 
may  never  appear  as  heat  since  it  can  be  radiated  in  the  luminescence  process 
or  carried  off  by  photoelectric  electrons. 

The  excess  energy  of  the  electron  above  the  conduction  band  minimun  ( at 

k = 0)  is  converted  to  heat  rapidly,  in  a time  of  the  order  of  the  electron- 

relaxation  frequency  T = 10  ^ sec.  The  time  for  the  mechanical  movement 

of  the  ions  involved  in  forming  the  center,  that  is  the  self  trapping  of  the 

-13 

hole,  is  of  the  order  of  a phonon  vibrational  frequency,  or  ~ 10  sec.  Thus, 

at  least  of  the  order  of  half  the  energy  2fiu>  is  converted  to  heat  within  the 
•8 

pulse  duration  of  10  sec. 

The  fate  of  the  remainder  of  the  energy  is  less  clear.  At  low  temperature 
(77K)  a large  fraction  of  the  energy  may  be  carried  off  by  the  luminescence 
photons.  At  room  temperature  the  luminescence  is  negligible.  The  competing 
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recombination  processes  that  dominate  the  luminescence  process  surely  involve 
phonons,  that  is,  heat  generation.  These  room -temperature  recombination  times 
surely  are  longer  than  the  pulse  duration.  Typical  values  of  the  luminescence 
lifetimes  at  4K  are  microseconds  althouth  variation  by  plus  and  minus  three 
orders  of  magnitude  occur.  The  luminescence  of  the  F center  in  KC1  goes  to 
zero  at  -50  C. 
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E.  OPTICAL  DISTORTION  FROM  THE  NONLINEAR  REFRACTIVE  INDEX 

C.  ].  Duthler 

Xonics,  Incorporated,  Van  Nuys,  California  91406 
I.  INTRODUCTION 

One  of  the  major  factors  limiting  the  power  of  high-intensity,  short-pulse 
lasers  in  the  visible  and  near  infrared  spectral  regions  (e.  g. , Nd-glass  laser) 
is  self  focusing  arising  from  intensity  dependence  of  the  refractive  index 

n = nQ  + n2  <E2)  . (1) 

In  Eq.  (1),  nQ  is  the  usual  linear  refractive  index,  n2  is  the  nonlinear  refractive 
index,  and  <E  ) is  the  mean-squared  value  of  the  electric  field.  When  an  intense 
beam  having  a higher  intensity  at  the  beam  center  than  at  the  beam  edge  is  inci- 
dent on  a sample  of  optical  material,  the  refractive  index  of  the  sample  is  slightly 
increased  with  the  increase  being  greater  at  the  center  of  the  beam  than  at  the 
edge.  Consequently  the  optical  path  length  through  the  center  of  the  sample  is 
greater  than  at  the  edge  with  the  result  that  a sample  with  plane -parallel  faces 
will  behave  as  a lens.  At  very  high  intensities,  self  focusing  and  permanent 
damage  occurs  within  the  material.  At  lower  intensities,  undesirable  optical 
distortion  of  the  beam  occurs. 

For  a passive  optical  component  having  plane-parallel  faces  and  thickness  z, 
our  criterion  for  the  threshold  of  optical  distortion  is  that  the  change  in  the  optical 
path  length  at  the  center  of  the  beam  be  1/8  wave: 

A/8  = (6n)z  = (E2 ) z . (2) 
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Using  I = ci1q<E^)/4it,  the  intensity  threshold  for  optical  distortion  is 

= c nQ  X / 32  if  , (3) 

where  a sample  thickness  of  1 cm  has  been  assumed. 

In  this  section,  we  are  concerned  with  nonlinear  changes  in  the  refractive 
index  that  arise  from  intensity  dependent  changes  in  the  susceptibility  of  bound 
electrons  in  tne  solid.  The  electronic  susceptibility  makes  the  dominant  contri- 
bution to  the  nonlinear  index  in  the  visible  and  ultraviolet,  with  lattice  vibrations 
making  a small  contribution  in  the  near  infrared.1  Two-photon  absorption  re- 
sults in  the  creation  of  mobile  electron-hole  pairs  which  in  turn  yield  a nonlinear 
index.  This  additional  nonlinear  index  from  free  carriers  is  expected  to  be  domi- 
nant at  7.2eV  in  LiF  and  is  considered  in  Sec.  D. 

-13 

A typical  value  of  = 10  esu  is  observed  in  the  visible  and  near  infra- 
red. If  this  value  along  with  nQ  = 1.  44  and  X = 174  nm  is  used  in  Eq.  (3),  the 

2 

distortion  threshold  1^  =7.5  GW/cm  ' is  obtained.  As  is  shown  in  the  following, 
the  nonlinear  index  may  be  considerably  enhanced  in  the  vacuum  ultraviolet  if 
the  wavelength  is  near  a two-photon  absorption  band.  The  degree  of  enhance- 
ment depends  on  the  strength  and  width  of  the  two-photon  absorption  band  and 
is  not  expected  to  be  severe  in  LiF  because  of  the  expected  broad-hand  nature 
of  the  two-photon  absorption  in  this  material. 

The  frequency  dependence  of  the  nonlinear  index  has  not  been  studied  ex- 
perimentally. However,  enhancement  has  been  observed  experimentally  in  other 
nonlinear  susceptibilities  that  have  similar  theoretical  frequency  dependences. 
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Levenson  et.  al.2  have  observed  a factor  of  100  enhancement  in  the  three-wave 
mixing  intensity  in  diamond  when  the  difference  frequency  was  resonant  with  the 
infrared  absorption  band.  Braunstein  and  Ockman3  peculate  that  the  factor  of 
100  larger  frequency  doubling  coefficient  that  they  observe  in  GaAs  as  com- 
pared to  KDP  may  be  a result  of  being  in  a two-photon  absorption  band  in  GaAs. 
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II.  CALCULATION  OF  THE  NONLINEAR  INDEX 

To  calculate  the  frequency  dependence  of  n ^ for  materials  in  the  vacuum 
ultraviolet,  the  response  of  the  electronic  susceptibility  to  an  intense  mono- 
chromatic perturbation  is  considered.  Firs'-order  perturbation  theory  gives 
the  usual  linear  susceptibility  and  refractive  index.  The  second-order  response 
has  twice  the  applied  freo"ency  (hence  frequency  doubling)  and  vanishes  in  crys- 
tals having  a center  of  ersion  as  with  alkali  halides  and  alkaline -earth  halides 
(mcjt  candidate  7.2eV  window  materials).  Third-order  perturbation  theory 

yields  a response  at  the  applied  frequency  and  at  three  runes  the  applied  fre- 

(3) 

quency.  The  third-order  susceptibility  at  the  applied  frequency  yields  the 
nonlinear  hide while  the  response  at  three  times  the  applied  frequency  yields 
frequency  tripling. 

The  third -order  polarizability  c-f  isolated  molecules  without  a permanent 

4 

dipole  moment  has  been  calculated  to  be: 


°h?  2 ^ k x 'X°k^  *-2wj&o(uk) 1 (u)X0_W  ) 


K^0±u))1<4)‘a32)1+2wk0 K2o‘w2)1(a)xV  ^2)1 


+ 2^oHo-w2>"<weo±a3>"2^ 


+ f?  k ^ m *-XOkXkXxXmxmol  t(a!k0  1 (a!X0  1 2t0)  *C'mO  ±C0) 


(4) 
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where  e is  the  electronic  charge  and  xn,  and  "hoL,  are  the  dipole  matrix 


element  and  energy  difference  between  the  ground  state  and  excited  state. 


respectively.  The  sums  run  over  all  excited  states  and  the  notation  ± implies 


summation  over  both  + and  - terms. 


A simple  case  that  still  contains  the  essential  physics  is  a molecule  with 


three  electronic  levels:  a ground  state  0 and  two  excited  states  1 and  2 with 


allowed  dipole  matrix  elements  between  0 and  1 and  between  1 and  2.  Look- 


ing forward  to  the  application  of  this  model  system  to  LiF,  the  excited  state  1 


can  be  associated  with  the  exciton  level  and  the  level  2 with  the  conduction  band. 


Alternatively,  the  excited  state  1 could  be  associated  with  a higher  level  con- 


duction band  or  with  a lower  valence  band.  The  present  state  of  knowledge  of 


the  band  structure  of  LiF  is  not  sufficient  to  predict  which  choice  will  be  domi- 


nant. However,  the  various  choices  result  in  only  slightly  different  frequency 


dependences  with  the  resonant  enhancement  near  j the  band  gap,  derived  below, 
being  common  to  all  choices.  Taking  2f  u)q2  = with  C0g2  - 
= u)j2  « CjOq  and  writing  the  dipole  matrix  element  in  terms  of  the  oscillator 


2 

strength  |xqj  | - f>.  fgj/2mu:Q  yields: 


4 , - ,2  , (3<On  + u>2) 

an>  . .4  e (*  \ ,2 0 

“ ¥ w 01 


„ 4 / * \2 , . 1 (uJ0+5“  ’ „ 
i2m)  01 12  l <4^ 


At  low  frequencies  and  for  frequencies  near  one-half  the  resonant  frequency,  the 


second  (positive)  term  is  dominant  with  the  ratio  of  the  two  terms  at  low  frequen- 


cies being  Hence  the  first  term  is  neglected  in  the  following. 


•utK  t , 
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The  frequency  dependence  of  the  polarizability  can  be  calculated  more 
accurately  than  the  magnitude.  Therefore  the  polarizability  is  written  in  terms 
of  the  lew- frequency  limit  ««>  where  a®  cun  be  obtained  from  experiments  in 
the  visible  or  from  a separate  calculation.  Methods  for  obtaining  ttf  from  line 
optical  constants  have  been  proposed.5’6  Hie  low-frequency  limit  of  Eq.  (5)  is 

el  / Ilf 

3 \ 2rrT  j 


a 


(3/  _ 


= 6 


f01f12 


W12,J0 


which  is  used  to  write  Eq.  (5)  in  the  form. 


J3)  - ± a(3) 

u . . - o ar\ 


s 

W0 


'co  3 ao  rrr^r 


<«*  - a-  r 


(Wq  + 5uT ) 

— 7 T~ 

(Wq  - 4u>  ) 


+ 2 


(6) 


This  is  plotted  in  Fig.  1 where,  in  the  absence  of  damping,  the  nonlinear  polari- 
zability diverges  at  ufc/2.  Damping  via  two-photon  absorption  can  be  included 

in  Eq.  (6)  by  adding  a small  imaginary  part  to  coQ  w0  + lT’  where  T 
lifetime  of  the  excited  state.  For  narrow  lines,  this  will  result  in  (coQ  - 4to  ) 
being  replaced  by  (Wq  - 4<o2  j1  + (itr/4w)  6(2co  -toQ). 

For  a solid  consisting  of  N molecules  per  unit  volume,  the  susceptibility 
corresponding  to  the  polarizability  in  Eq,  (5)  is 


/ n0+  1 \4  e4 

l * \ 

2 

£01  f12 

(co?  + 5 CO2) 

- * +2 

l-*-)  7 

\2nrJ 

u 

k 

w12(W^'Wk)2 

<4- 40,2  > J 

The  sum  runs  over  oscillators  distributed  throughout  the  BriUouin  zone  with 
resonant  frequencies  A local-field  correction  factor  has  been  added. 
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Fig.  1.  Dependence  of  the  nonlinear  polarizability  on  frequency. 
Dashed  line  indicates  the  effect  of  damping. 
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Neglecting  the  frequency  dependence  of  the  f-numbers,  to^  » and  n^,  Eq.  (7)  can 
be  written  in  terms  of  the  low-frequency  susceptibility  Xq^: 

(3)  1 <3)„  “k  f<“k+5“2)  . 

xV/  = W *o  £ ~ 2 — FT  — 2 Y~  + 2 

w 3N  0 k <u/-u fr  L(u)j-W) 


Using  = 2 ff  / °o  yields  the  frequency  dependence  of  the  nonlinear  refrac- 


tive index: 


°2  = W "20  ? 


* <uT-u£r  l <u>‘  - 4U)"  ) 


(u£  + 5to2 ) 


The  sum  in  Eq.  (9)  is  replaced  by  an  integral  using  the  well-known  relations: 


1 r if  k2dk 

^k~^  J 


2 (o>  - u)  ) 

m g' 


du)'(u)'  - to  ) 
6 


In  writing  Eq.  (10),  parabolic  bands  with  ox  = to  + fik  /2  m have  been  assumed 

k g 
1/2 

which  yield  the  density  of  states  (to'  - (0  ) for  to  < to'  < tom.  The  assump- 

8 8 

tion  of  parabolic  bands  with  slowly  varying  f-numbers  is  expected  to  be  approxi- 
mately valid  for  LiF  and  other  direct  band-gap,  insulating  solids.  Fo*  LiF  the 

bands  are  broad  with  to„  s 2 to  . 

m g 

Using  Eq.  (10)  yields 


n2  = **20 


2 (to  -too,r 

m g' 


to  4 i/2 

’ m io^(to'-to  ) 


(to*  - to'*  )* 


2 2 

(to'  +5u>  ) 

— 3 "" 

(10'*  - 4U;-) 


+ 2 dto 
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For  frequencies  to  near  to  / 2 or  less,  the  only  terms  in  the  integrand  that  are 

8 

strongly  dependent  on  frequency  are  the  denominator  of  the  first  term  within  the 
square  bracket  and  the  density  of  states.  In  order  to  simplify  the  integral,  to'  in 
the  other  terms  is  replaced  by  to  which  yields 

o 


s 

■ 


4 4,  2, 

1 X 1 + 5w  > 

n2  3 n2o  + 2 020  (to  - ut r ^ w- 4w* > 

8 mg  8 g 


to  1/2 

m (co'-to  ) dto' 

7777777  I 77  s.  T 


i: 


The  value  of  the  integral  is 


(12) 


1 !/2  .i 

J (to  < tog/2  ) = (cog+  2 to)  tan 


, xl/2 


i 1/2  -1 

2~(tog-2to)  tan 


(u)  - to  V 
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(to  - 2 to) 
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1/2 
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and 


c9  (to  /2  < co  < to  ) = 2“  (w  + 2to)1//2  tan  1 


(co  - to  ) 
m g' 


,1/2 


(to  + 2 to) 
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m 


1 i/2 

jjjj(2w-wg)  In 


(2co-to  )1/2+  (to  -to  )1/2 
g m g' 

— a/2 


(2to  -to  ) 
& 


'(wm'wg) 


(13) 


The  nonlinear  index  from  Eqs.  (12)  and  (13)  is  plotted  as  a function  of  fre- 
quency in  Fig.  2 where  the  value  to  = 2 to  has  been  assumed.  Notice  that 

O 

although  the  polarizabilities  of  the  individual  oscillators  in  Eq.  (6)  and  Fig.  1 
diverge,  the  integral  over  the  oscillators  remains  finite  except  near  tom/2  s tog 


Nonlinear  Index 
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where  the  integral  diverges  logarithmically.  This  infinity  in  the  integral  can 

be  removed  if  the  density  of  states  is  not  truncated  abruptly  at  cum . Near 

com/2  ■"»  cog  the  nonlinear  index  goes  to  minus  infinity  more  strongly  than 

the  integral  due  to  the  terms  outside  the  integral.  For  LiF,  the  region  near 

co  is  outside  the  frequency  range  of  interest  with  optical  effects  in  this  region 
8 

being  dominated  by  one-photon  effects.  The  low-frequency  value  of  =0.  S^q 
rather  than  r^g  is  a result  of  the  approximations  made  in  simplifying  the  integral. 

It  is  seen  from  Fig.  2 that  the  maximum  value  of  n2  ac  3n2g  occurs  at 

co  — co  /2  increases  with  decreasing  width  of  the  density  of  states: 

8 


32  2 /r<u>>3/2 

n2«cg/2)/n20  - 27  + - ® 2 


(co  - co  r 

m g' 


tan 


(2cog)1/2 


1/2 


32 

57 


2co_ 


(co  - co  ) 
Vrr  g' 


(14) 


This  could  result  in  n2  being  very  strongly  enhanced  for  solids  with  narrow 
bands  or  with  rapidly  varying  f-numbers.  In  this  case  the  frequency  dependence 
of  n2  could  oe  approximated  by  the  molecular  model  in  Fig.  1. 
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III.  KRAMERS-KRONIG  RELATION  BETWEEN  NONLINEAR 
INDEX  AND  TWO- PHOTON  ABSORPTION 


Since  there  have  been  no  direct  measurements  of  the  nonlinear  refractive 


index  as  a function  of  frequency,  it  is  desirable  to  relate  the  resonant  enhance- 


ment of  the  nonlinear  index  to  other  quantities  that  can  be  measured  experi- 


mentally. The  Kramers -Kronig  relations  connect  the  real  and  imaginary  parts 


of  the  dielectric  constant  and  are  used  lo  relate  the  nonlinear  index  to  the  two- 


photon  absorption  coefficient. 


The  Kramers- Kronig  relation  for  calculating  the  real  part  of  the  dielectric 


constant  cR  from  the  imaginary  part  Cj  is 


cR(oo)  = 1 + 


m: 


to'  Cj  (&' ) dw' 


(w’  -UT) 


If  the  dielectric  constant  is  separated  into  linear  and  nonlinear  parts  e = 


+ c , the  relation  for  the  nonlinear  parts  is 


00  ....  ,NL, 


NI,  . 2 ( ‘i  (»•)**• 

Er%)  = * V ■ 


Using  = 2 nQ  and  ^2  = n^c”  ^®r®  @2  *s  intensity-dependent. 


two-photon  absorption  coefficient,  yields 


n2  = 


$2  (to’)  dto’ 


<0 0 -of) 
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The  two-photon  absorption  coefficient  has  not  been  measured  in  LiF.  However 

7 8 

on  the  basis  of  experiments  by  Hopfield  et.  al.  and  by  Frolich  and  Staginnus  in 

other  alkali  halides,  the  two-photon  absorption  coefficient  in  LiF  is  expected  to 

1/2 

have  the  approximate  frequency  dependence  (to)  2;  /3  q(u>  -w„/2)  / for 


g 


a>g/2  < to  < tom/2.  This  approximate  frequency  dependence  is  expected  theore- 
tically if  the  f-numbers  are  not  strongly  frequency  dependent  and  if  other  weakly 
frequency  dependent  terms  are  taken  as  constants.  Substitution  in  Eq.  (17)  gives 


n2(w)  = const.  + 


2n0C^20 


S 


oo__/2  i/2 

m (uo'-co  /2)1/zdu5’ 

— „ 


co  / 2 

g 


(to  - CO  ) 


(18) 


where  the  constant  comes  from  higher-frequency,  two-photon  absorption. 
Changing  variables  to  co"  - 2 co'  yields 


^ nn  c ^20 

n„(cc)  = const.  + 

2 vT* 


Wni  (w"  - co  )1/2dco" 


CO 

wg 


(19) 


(uF 


4co  ) 


Notice  that  Eq.  (19)  has  the  same  frequency  dependence  as  Eq.  (12),  which 
was  derived  from  perturbation  theory,  except  for  weakly  frequency  dependent 
terms  outside  of  the  integrals.  The  additional  frequency  dependent  terms  are 
expected  to  change  the  resonant  enhancement  of  n2  by  less  than  a factor  of  two. 
This  difference  is  within  the  uncertainty  in  the  functional  form  of  the  experi- 
mental two-photon  absorption  coefficient.  The  frequency  dependence  of  the 
theoretical  equations  will  also  vary  by  about  a factor  of  two  depending  on  the 
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intermediate  state  chosen  in  the  perturbation  theory.  The  factors  outside  of  the 
integrals  in  Eqs.  (12)  and  (19)  could  be  used  to  relate  the  magnitudes  of  the  low- 
frequency  nonlinear  index  n2g  and  the  two-phcton  absorption  coefficient  #2g. 


-1 


.2,-1 


It  ir  noted  in  passing  that  replacing  (u^  - 4co  ) by  (Wq  - 4w  ) 

+ (iir/4w)  6(2u>  - u^)  in  Eq.  (6)  will  simultaneously  give  the  two-photon  ab- 
sorption coefficient  and  nonlinear  index  al  ig  with  automatically  satisfying  the 
Kramers -Kronig  relations. 
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IV.  CONCLUSIONS 

The  xenon-laser  frequency  is  above  one-half  the  band  gap  for  all  crystals. 

In  this  frequency  region  the  optical  properties  of  materials  suffer  deleterious 
effects  from  both  two-photon  absorption  and  from  a resonantly  enhanced  non- 
linear refractive  index.  The  two  effects  are  not  independent  since  they  arise 
from  the  real  and  imaginary  parts  of  the  third-order  susceptibility  and  are  con- 
nected by  the  Kramers -Kronig  relations. 

For  solids  with  broad  two-photon  absorption  bands  (as  is  expected  for  LiF), 

the  nonlinear  index  in  most  of  the  two-photon  frequency  region  is  onl  ' slightly 

enhanced  from  the  low-frequency  value.  At  the  xenon-laser  frequency  cf 

-13 

W = 0. 55  Wg  in  LiF,  Fig.  2 indicates  n2  - 3n2Q.  Estimating  n2Q  ^ JO  esu, 

2 

Eq.  (3)  gives  the  threshold  intensity  value  of  ■th-2  GW/cm  for  optical  dis- 
tortion from  the  nonlinear  index.  This  threshold  is  comparable  to  the  thresh- 
old for  fracture  from  two-photon  heating  and  at  least  a facte  of  10  greater  than 
the  threshold  for  optical  distortion  from  free  electron-hole  pairs  created  by 
two-photon  absorption. 

In  other  cases  nonlinear  optical  distortion  may  be  the  dominant  intrinsic 
mechanism  for  material  failure.  Obviously  with  other  lasers  having  frequencies 
less  than  one-half  the  band  gap,  ^vo-photon  absorption  will  not  occur  but  reso- 
nant enhancement  of  the  nonlinear  index  will  occur  if  *he  laser  frequency  is  near 
one-half  the  band  gap.  A similar  situation  may  occur  with  the  xenon  laser  in 
materials  having  a strongly  peaked  two-photon  absorption  spectrum.  In  this 
case  the  nonlinear  index  will  be  dominant  if  the  laser  frequency  is  adjacent  to. 
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Materials  having  band  gaps  only  slightly  greater  than  the  xenon-laser  fre- 
quency may  have  a large  negative  value  of  as  is  shown  in  Fig.  2.  However 
until  more  is  known  about  the  band  structure  or  two -photon  absorption  spectrum 
of  insulating  crystals,  it  cannot  be  predicted  whether  any  material  will  actually 
have  this  behavior. 
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I.  INTRODUCTION 

We  have  underway  a series  of  studies  of  the  optical  properties  of  alkali- 
halide  crystals,  with  emphasis  on  el  ctronic  absorption  in  the  ultraviolet. 

From  many  points  of  view,  the  alkali  halides  represent  a particularly  simple 
group  of  solids,  in  addition  to  their  potential  role  as  materials  for  use  in  high- 
power  laser  applications.  Indeed,  most  solid  state  physics  text  books  use 
alkali  halides  as  their  first  example  of  a crystalline  solid.  Yet  the  electronic 
properties  of  alkali  halides  remain  poorly  understood.  For  example,  in  the 
alkali  halides  (as  well  as  in  die  rare  gas  solids),  band  gaps  computed  by  means 
of  sophisticated  Hartree-Fock  schemes  are  in  ve^v  poor  agreement  with  ex- 
periment, to  the  point  where  it  is  argued  that  there  are  corrections  ':o  Hartree- 
Fock  band  gaps  from  electron  correlation  effects  that  amount  to  several  electron 
volts.1 

To  perform  theoretical  quantitative  calculations  of  the  properties  we  have 
under  study,  one  requires  knowledge  not  only  of  the  electronic  energy  bands, 
but  also  the  Bloch  functions  associated  with  the  bands.  To  generate  the  Hartree- 
Fock  energy  bands  and  the  associated  wave  functions  is  a complex  computational 
task.  For  use  in  the  investigations  below,  the  wave  functions  ^re  required.  We 
plan  to  use  an  interpolation  scheme  based  on  a set  of  tight  binding  wave  functions. 
The  scheme,  developed  by  L.  ].  Sham,  reproduces  the  band  structures  calculated 
by  the  Hartree-Fock  method,  and  provides  in  addition  approximate  wave  functions 
that  are  simple  to  generate,  and  to  apply  to  a variety  of  theoretical  studies.  We 
first  describe  Sham's  scheme. 
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The  electronic  wave  functions  associated  with  the  conduction  band  have  their 
orobability  amplitude  centered  primarily  on  the  alkali  sublattice.  We  represent 
these  wave  functions  by  a tight  binding  approximation: 

i£  • l 

if)  . (x)  = L <p  (r  - £ ) exp(  ik’i)  = E|si>e  (1) 

+*  l X 

where  (x)  is  the  Bloch  function  associated  with  the  conduction  band,  and 
<Ps((T  - ^)  an  atomic  like  orbital  of  3 symmetry  centered  on  the  alkali  site  JL. 

We  generate  a phenomenological  Hamiltonian  matrix  by  retaining  only  the  over- 
lap integrals  (sX  + 6 |3C  | s^ ) between  nearest  and  next  nearest  neighbor  alkali 
sites.  These  overlap  integrals  are  treated  as  adjustable  parameters,  and  are 
fitted  to  the  conduction  band  shapes  generated  by  the  full  Hartree-Fock  theories. 

In  the  valence  bands,  the  probability  amplitude  of  the  wave  functions  are 

centered  predominantly  on  the  halide  sublattice.  We  introduce  a similar  tight 

binding  scheme  to  describe  the  wave  functions  and  energies  associated  with 

these  bands.  With  each  halide  site,  we  have  three  atomic  orbitals  | P , X>, 

|P  , £),  and  |P  , £)  The  Bloch  functions  associated  with  the  valence  bands 
1 y 9 z ** 

then  assume  the  form 

There  are  three  valence  bands  degenerate  at  the  I*  point,  and  a = 1,  2 or  3 is 
a band  label.  As  in  our  description  of  the  conduction  band,  we  generate  an  effec- 
tive Hamiltonian  matrix  by  retaining  in  the  description  the  nearest  and  next 
nearest  neighbor  overlap  integrals  <P,^  + 6 |k|  P ,£ }.  Because  there  are 
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three  atomic  orbitals  associated  with  each  halide  site,  there  are  many  more 
overlap  integrals  than  in  the  description  of  the  conduction  band.  Nonetheless, 
many  vanish  identically  from  symmetry  considerations,  and  we  are  left  with 
a small  number  of  non-zero  overlap  integrals  which  once  again  may  be  fitted 
to  band  structures  calculated  from  first  principles. 

In  this  approach,  the  conduction  band  position  and  shape  are  described  by 
three  parameters.  If  E (k)  is  the  energy  of  an  electron  with  wave  vector  k 
in  the  conduction  band,  then  in  terms  of  the  nearest  neighbor  overlap  integral 
Qtj  , and  the  next  nearest  neighbor  o or  lap  integral  j3j  , we  have 


E (k  ) = 6,  + 4a,  (cos  k a cosk  a + cosk  a cosk  a 
c~  IT  x y y 2 


+ coskz  a coskxa)  + 20j(cos2akx  4 cos2aky 


+ cos 2 ak  ) 
z 


where  a is  the  distance  between  the  alkali  site  and  the  nearest  halide. 

To  generate  the  eigenvalues  and  Bloch  functions  of  the  valence  bands,  one 
must  find  the  eigenvalues  and  eigenfunctions  of  a 3x3  Hamiltonian  matrix. 

In  terms  of  the  non-vanishing  nearest  and  next  nearest  neighbor  overlap  inte- 
grals, wo  have  for  the  matrix  elements 


X (k)  = £ + 4a  cosk  a (cosk  a + cosk  a) 
xx~  x v z 


+ 4ycosk  a cosk  a + 2 6 cos  2 k a 
y z x 


+ 2 17  (cos 2k  a + cos 2 k a)  , 
y z 


X (k)  “ -4j3sink  a sink  a , 
xy  *-'  x y 
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and  the  remaining  matrix  elements  may  be  generated  from  these  two  by 
permutation  operations.  The  parameter  £ fixes  the  position  of  the  valence 
bandt.,  and  an  illustration  the  non-vanishing  nearest  and  next  nearest 
neighbor  overlap  integrals  is  given  in  Fig.  1 through  Fig.  3. 

This  scheme  provides  a very  good  fit  to  the  Hartree-Fock  energy  bands. 
Sham  has  obtained  numerical  values  for  the  parameters  that  appear  above  by 
fitting  the  energy  bands  calculated  by  Mickish  et  al. , and  by  Chaney  et  al. 

The  parameters  obtained  by  this  means  tire  presented  in  Table  I . 

With  the  approximate  wave  functions  and  method  of  generating  the  band 
structure  described  above,  we  are  in  a position  to  investigate  a number  of 
questions  in  a quantitative  manner.  We  describe  two  projects  currently  under- 
way. While  these  two  projects  are  not  yet  completed,  time  has  been  expended 
on  them  during  the  past  contractual  period,  and  they  should  be  completed  before 
the  next  report  is  due. 
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a.  OVERLAP  BETWEEN  1PX  > AT  10,0,0)  AND  |PX  > AT 
a0  (1,1,0)  + EQUIVALENT  SITES 

7:  OVERLAP  BETWEEN  |PX  > AT  (0,0,0)  AND  |PX  > AT 
aQ  (0,1,1)  + EQUIVALENT  SITES 


Fig.  1.  The  overlap  integrals  c.  and  y which  contribute  to  the  matrix 
element  K 00  in  the  tight  binding  band  structure  scheme. 
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6:  OVERLAP  BETWEEN  |PX  > AT  (0,0,0'  AND 
|PX  > AT  a(3  (2,0.0)  AND  a0  (-2,0,0) 

v.  OVERLAP  BETWEEN  |PX  > AT  (0,0,0)  AND 
|PX  > AT  a0  (0,2,0)  iD  a0  (0,0,2) 


Fig.  3.  The  second  neighbor  overlap  integrals  6 and  t)  which 
contribute  to  Kxx(k)* 
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Table  I . The  parameters  which  enter  the  tight  binding  scheme  used  to  fit  the 
energy  bands  calculated  from  first  principals.  The  values  list?'*  in  column  1 
are  fitted  to  the  results  cf  D.  J.  Mickish,  A.  B.  Kunz,  and  T.  C.  Collins.  Phys. 
Rev.  B9,  4461  (1974),  and  the  values  in  column  2 have  been  fitted  to  R.  C. 
Chaney,  7..  E.  Lafon,  and  C.  C.  Lin,  Phys.  Rev.  B4,  2734  (1971). 
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II.  A STUDY  OF  THE  ROLE  OF  ELECTRONIC  CORRELATIONS 
ON  THE  MAGNITUDE  OF  THE  ENERGY  GAP 

As  remarked  earlier,  very  sephisticated  Hartree-Fock  schemes  have  been 
applied  to  the  calculation  of  the  electron  band  structures.  These  calculations 
produce  values  for  the  electronic  energy  gaps  which  are  larger  than  the  mea- 
sured gaps  by  several  electron  volts. 1 This  is  an  enormous  discrepancy,  and 
there  are  two  possibilities  for  its  origin.  Either  the  Hartree-Fock  calculations 
are  in  error,  possibly  through  use  of  an  approximate  forr  for  the  exchange 
term  in  the  Hartree-Foclc  calculations,  or  a physical  effect  not  included  in  the 
Hartree-Fock  description  of  the  electron  motion  plays  an  important  role  in  con- 
trolling the  magnitude  of  the  fundamental  gap. 

The  lesearchers  engaged  in  the  band  structure  calculations1  argue  that  the 
Hartree-Fock  (HF)  equations  have  indeed  been  accurately  solved,  and  a many 
body  effect  not  included  in  the  HF  description  plays  a crucial  role  in  controlling 
the  magnitude  of  the  energy  gap. 

The  physical  picture  of  this  many  body  effect,  whose  importance  was  first 

2 

stressed  a number  of  years  ago  by  Fowler,  is  the  following.  If  an  electron 

moves  through  the  crystal,  its  coulomb  field  polarizes  the  material  in  its  near 

vicinity.  The  polarized  region  that  surrounds  the  electron  creates  a potential 

well  within  which  the  electron  sits.  As  a result,  the  energy  of  the  electron  is 

lowered  relative  to  its  value  in  the  absence  of  the  polarization  effect.  The  HF 

theory  does  not  include  this  effect,  and  as  a consequence  overestimates  the 

energy  of  the  electron  in  the  conduction  band.  The  depth  of  the  well  is  esti- 

2 

mated  to  be  about  2 eV.  The  energy  of  the  hole  must  be  corrected  in  a similar 
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manner,  to  produce  a second  correction  of  roughly  2 eV.  Overall,  then,  it  is 
argued  that  through  its  neglect  of  the  polarization  effect,  the  HF  theory  over- 
estimates the  band  gap  by  roughly  4eV.  If  we  subtract  this  correction  from  the 
calculated  HF  gap,  one  obtains  a renormalized  gap  in  good  accord  with  the  data. 

The  correction  to  the  band  gap  described  alcove  is  a many  body  correction 
to  the  HF  prediction.  It  is  a very  large  correction,  and  must  be  calculated  with 
care  and  accuracy  if  we  are  to  trust  our  present  level  of  understanding  of  the 
most  elementary  electronic  property  of  alkali  halides:  the  value  of  the  elec- 
tronic energy  gap. 

Two  methods  of  computing  the  polarization  correction  to  the  energy  gap 

2 

may  be  found  in  the  literature.  The  first,  described  in  the  work  of  Fowler, 
treats  the  electron  (or  hole)  as  a classical  point  charge  which  induces  dipole 
moments  in  the  surrounding  polarizable  ions.  The  field  set  up  by  the  array  of 
polarized  ions  gives  rise  to  the  potential  well  which  lowers  the  energy  of  the 
electron. 

The  second  method  presumes  the  electron  (or  hole)  interacts  with  a well 
defined  exciton  level.  The  electron-exciton  interaction  is  mathematically  iso- 
morphic to  the  Frolich  interaction  cf  polaron  theory,  and  the  apparatus  of 
polaron  theory  may  be  brought  to  bear  on  the  problem. 

Neither  method  is  a satisfactory  way  of  calculating  the  self-energy  cor- 
rections, in  our  view.  Fowler's  method  replaces  the  quantum  mechanical 
description  of  the  electron  by  a classical  one.  In  addition,  the  self-energy 
effects  which  shift  the  band  edge  must  also  change  the  shape  of  the  bands.  It  is 
difficult,  indeed  impossible,  to  study  such  effects  reliably  with  this  method. 


193 


sttMWUMiHi 


.uiuM 


Sec.  F 


The  electronic  polaron  model  treats  the  electron  motion  quantum  mechanically 
and  is  capable  in  principle  of  evaluating  the  change  in  shape  of  the  bands.  However, 
this  model  is  naive  in  its  representation  of  the  particle -hole  excitations  with  which 
the  free  carrier  interacts.  There  are  excitonic  contributions  to  the  optical  absorp- 
tion spectrum  of  the  alkali  halides,  but  these  exciton  levels  are  responsible  for 
only  a small  fraction  of  the  integrated  oscillator  strength  associated  with  valence 
band -conduct ion  band  transition. 

We  have  made  considerable  progress  on  what  we  believe  should  be  a quanti- 
tatively reliable  method  of  assessing  the  importance  of  the  polarization  effect 
described  above.  In  principle,  our  calculation  is  straightforward.  From  a many 
body  point  of  view,  the  HF  theory  emerges  when  one  includes  in  the  proper  self 
energy'  of  the  electron  (or  hole)  only  the  lowest-order  term  in  the  electron- 
electron  interaction.  To  evaluate  corrections  to  the  HF  theory,  one  must  evalu- 
ate the  next  order  (second  order)  corrections  to  the  self  energy. 

These  second-order  corrections  include  a description  of  the  polarization 
effect  described  above.  This  may  be  seen  in  Fig.  4.  In  Fig.  4(a),  we  show  the 
lowest-order  contribution  to  the  proper  self  energy  in  the  "electronic  polaron" 
model.  If  one  were  to  compute  this  diagram  via  a proper  microscopic  model, 
the  wavy  line  that  represents  the  exciton  in  Fig.  4(a)  should  be  replaced  by  a 
particle-hole  ladder  series,  as  illustrated  in  Fig.  4(b).  Fig.  - (b)  contains  the 
contribution  from  the  exciton  level,  and  from  the  electron-hole  continuum  as 
well.  (As  remarked  above,  the  continuum  contribution  is  ignored  in  the  "elec- 
tronic polaron"  model,  and  it  should  he  quantitatively  important. ) In  Fig.  4(c) 
and  Fig.  4(d),  the  second-order  contribution  to  the  self  energy  is  illustrated. 
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Fig.  4.  (a)  The  lowest  order  proper  self  energy  of  an  electron  in  the  "electronic 
polaron"  model.  The  wavy  line  represents  an  exciton,  and  the  straight  line  an 
electron,  (b)  A microscopic  version  of  (a),  where  the  exciton  is  represented  by 
a particle-hole  ladder  series,  (c)  and  (d).  The  second  order  contribution  to  the 
proper  self  energy  in  the  present  approach. 


a* 


195 


Sec.  F 


Figure  4(c)  is  the  lowest  order  description  of  the  polarization  effect,  while 
Fig.  4(d)  ij  an  exchange  diagram  omitted  from  the  "electron  polaron”  model. 

This  exchange  diagram  should  be  important,  and  we  wish  to  investigate  its  sign 
and  magnitude  quantitatively.  One  can  not  trust  the  estimate  of  the  validity  of 
the  HF  scheme  until  this  is  done. 

We  have  developed  a method  of  systematically  generating  corrections  to 
3 

the  HF  theory,  and  when  this  method  is  applied  to  the  present  problem,  the 
form  of  the  corrections  may  be  obtained.  We  then  plan  a series  of  numerical 
calculations  which  will  study  the  self -energy  induced  shifts  of  band  edges,  as 
well  as  changes  in  the  shape  of  the  bands  from  these  effects. 

The  numerical  studies  remain  to  be  carried  out.  They  will  be  quite  arduous, 
since  integrations  over  the  3D  Brillouin  zone  are  required.  However,  the  calcu- 
lations are  made  feasible  by  the  availability  of  the  phenomenological  description 
of  the  band  structure  described  earlier  in  this  section.  While  the  calculations 
will  prove  difficult,  they  would  be  quite  impossible  to  contemplate  without  the 
phenomenological  description  of  the  band  structure. 
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III.  THE  ELECTRONIC  CONTRIBUTION  TO  THE  INTRINSIC 
SURFACE  ABSORPTION  IN  THE  ALKALI  HALIDES 

In  an  ideal,  infinitely  extended  solid,  the  amount  of  energy  extracted  from 

a beam  of  radiation  which  traverses  the  material  is  proportional  to  the  length 

4 

of  travel  of  the  beam  in  the  material.  In  the  presence  of  boundaries,  such  as 
the  two  surfaces  of  a film,  additional  surface -induced  absorption  may  be  pre- 
sent. To  the  experimentalist,  this  surface  absorption  manifests  itself  as  a con- 
tiibution  to  the  total  energy  absorption  independent  of  the  film  thickness. 

There  are  two  basic  physical  origins  of  surface-induced  absorption.  There 
are  extrinsic  sources  cf  absorption  with  origin  in  species  adsorbed  on  the  su:  - 
face  with  absoiption  bands  in  the  spectral  regime  of  interest,  impurities  near 
the  surface  which  diffuse  into  the  material  after  contact  with  an  external  atmo- 
sohere,  surface  roughness  induced  absorption,  and  a host  of  other  possibilities. 

Even  in  an  absolutely  perfect  film,  with  atomically  smooth  surface  planes 
there  will  be  surface-induced  absorption  of  an  intrinsic  nature.  Beyond  the  funda- 
mental absorption  edge,  such  intrinsic  surface  absorption  has  its  physical  origin 
in  the  modification  of  the  bulk  Bloch  functions  in  the  near  vicinity  of  the  surface. 
In  addition,  a much  more  interesting  possibility  is  intrinsic  surface- induced 
absorption  below  the  fundamental  absorption  edge  by  virtue  of  surface  states 
present  within  the  gap  between  the  valence  and  the  conduction  bands. 

We  have  underway  an  investigation  of  the  effect  of  a ( 100)  surface  on  the 
electronic  states  of  an  alkali-halide  film.  In  addition,  for  such  films  we  plan 
to  calculate  the  magnitude  of  the  intrinsic  surface -induced  absorption. 
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The  investigation  makes  heavy  use  of  the  approximate  wave  functions  and 
band  structure  fitting  scheme  described  earlier  in  this  section.  It  is  quite  diffi- 
cult to  carry  out  an  analysis  of  the  effect  of  a surface  on  the  electronic  structure 
of  the  material,  within  the  framework  of  the  elegant  Hartree-Fock  scheme  used 
to  generate  theoretical  band  structures  for  the  bulk  material.  While  this  can  be 
done  with  today's  computational  facilities,  the  «'ost  in  computer  time  and  in  man 
hours  would  be  extensive 

However,  the  possibility  that  surft ; a states  exist  in  the  gap  is  readily  ex- 
plored within  the  framework  of  the  t'ght  binding  model  of  th.  bulk  band  structure 
described  above.  Fo**  example,  one  may  construct  a thin  film  with  N atomic 
layers,  where  N may  range  from  10  to  20 . For  the  conduction  bands,  the  Bloch 
functions  become  of  the  form 


' ??  exP[‘V  i»  ) V 

in  lz 


(3) 


where  the  subscript  ||  appended  to  a vector  denotes  its  projection  onto  a plane 
parallel  to  the  film  surfaces.  Equation  (?)  contains  the  statement  that  since  the 
two  directions  parallel  to  the  surface  retain  translational  invariance,  the  wave 
functions  have  the  Bloch  character  with  respect  to  translations  in  these  two 
directions.  However,  translational  invariance  normal  to  the  surface  is  broken. 

If  the  film  has  N layers,  the  Ansatz  for  the  wave  function  in  Eq.  (3)  leads 

one  to  an  N x N Hamiltonian  matrix.  The  eigenvectors  and  eigenvalues  of  this 

matrix  lead  one  to  the  coefficients  cT'il  ) and  the  electron  energy  levels  of 

z 

the  finite  film.  If  surface  states  are  present,  they  may  be  readily  identified. 
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A similar  treatment  applied  to  the  tight  binding  valence  bands  leads  to  a 3 N 
x 3 N matrix.  Since  matrices  up  to  100  x 100  and  V ger  are  readily  handled 
by  modem  computers,  there  is  no  difficulty  in  applying  this  scheme  to  films 
as  thick  as  30  or  40  atomic  layers,  although  for  our  purposes  we  may  confine 
our  attention  to  thinner  films. 

At  this  pv.ir.t,  we  have  completed  the  analysis  which  sets  up  the  Hamiltonian 
matrix  for  the  finite  film,  and  we  are  ready  to  proceed  with  the  numerical  com- 
putations. The  initial  set  of  numerical  calculations  should  be  completed  shortly. 
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In  principr.1,  below  the  fundamental  absorption  edge  of  wide  band  gap 
insulators,  absorption  of  electromagnetic  radiation  by  one-photon  processes 
should  be  extremely  weak,  provided  the  photon  energy  is  far  enough  below  the 
absorption  edge  for  phonon  assisted  transitions  to  be  negligible.  However, 
experimental  studies  of  alkaline  earth  fluorides  show  that  below  the  funda- 
mental absorption  edge,  appreciable  absorption  exists.*  The  absorption 

constant  0 is  indeed  five  or  six  orders  of  magnitude  smaller  below  the  gap 

-1  -2 

than  above,  but  below  the  gap  0 assumes  values  in  the  range  of  10  to  10 
cm  *,  and  is  only  weakly  dependent  on  frequency.  While  this  aosorption  is 
indeed  weak  by  conventional  standards,  if  the  materials  are  to  be  used  for 
fabrication  of  optical  components  in  high-powered  ultraviolet  lasers,  then  the 
presence  of  this  absorption  will  become  a matter  of  concern. 

The  component  of  the  absorption  below  the  gap  reported  in  Ref.  1 appears 
to  be  extrinsic,  and  becomes  weaker  as  the  quality  of  the  material  is  improved. 
One  may  then  wish  to  presume  the  absorption  has  its  origin  in  point  defects  or 
impurities.  Point  defects  and  impurities  give  rise  to  localized  electronic  levels 
and  sharp  absorption  lines.  It  is  hard  to  reconcile  this  with  the  observation  that 
0 levels  off  below  the  absorption  edge  to  a value  rather  insensitive  to  the  fre- 
quency. Of  course,  such  impurity  levels  may  be  broadened  considerably  by  a 
variety  c*  mechanisms,  and  one  may  have  many  overlapping  levels  with  origin 
in  small  residual  concentrations  of  distinct  kinds  of  impurities  and  defects.  If 
this  is  so,  one  would  expect  structure  of  some  kind  to  show  through  nonetheless. 

Here  we  explore  a mechanism  which  in  principle  can  give  rise  to  broad  ab- 
sorption bands.  This  is  absorption  via  electron  spates  localized  near  dislocation 
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lines.  It  is  well  known  that  in  both  ionic  and  semiconducting  materials,  electrons 
(and  holes/  may  be  trapped  in  localized  levels  associated  with  dislocation  lines. 
Since  the  dislocation  line  is  a one -dimensional  structure,  these  states  necessarily 
form  one -dimensional  energy  bands,  since  the  electron  or  hole  is  free  to  run 
along  the  core  of  the  dislocation  line.  Such  bands  will  extend  into  the  forbidden 
enerpv  gap,  possibly  overlapping  the  bulk  conduction  or  valence  band,  and  they 
will  give  rise  to  broad  absorption  bands  with  a width  controlled  by  that  of  the 
valence  band,  and  the  width  of  the  band  of  levels  localized  to  the  dislocation  line. 
(We  consider  a process  where  a photon  is  absorbed  by  . • • -ansition  which  lifts  an 
electron  from  a valence  band  "e  to  an  empty  state  locahzed  on  the  dislocation 
line,  for  example. ) 

It  is  difficult  to  make  a quantitative  theory  of  this  absorption  process,  pri- 
marily because  very  little  is  known  about  the  derailed  nature  of  these  states. 

There  is  considerable  literature  on  the  influence  of  carriers  trapped  on  disloca- 
tion lines  on  a number  of  macroscopic  crystal  properties,  but  it  is  difficult  to 
extract  information  about  the  nature  of  the  localized  levels  from  the  data.  There 
also  are  a few  theoretical  studies  of  the  levels,  but  they  tend  to  be  rather  sche- 
matic, and  confined  to  rather  special  configurations.  As  a result  we  have  rather 
few  guidelines  to  follow,  and  the  estimate  below  will  necessarily  be  very  crude. 
The  conclusions  are  somewhat  speculative  as  x consequence. 

Indeed,  the  study  of  the  absorption  of  photons  by  dislocation-induced  transi- 
tions in  a crystal  which  contains  controlled  dislocation  arrays  offers  an  excellent 
means  of  obtaining  information  about  these  electronic  levels.  We  know  of  no  sys- 
tematic experimental  data  on  this  question,  and  a series  of  studies  would  prove 
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most  useful.  It  has  been  pointed  out  that  crystals  rnay  be  grown  with  well 
defined  linear  arrays  of  dislocations.  Then  for  such  a crystal,  dislocation 
line-induced  absorption  below  the  absorption  edge  could  be  extracted  from 
the  background  by  comparison  of  the  absorption  constant  for  the  cases  of  the 
electric  field  parallel  and  perpendicular  to  the  dislocation  array.  If  such  ex- 
periments could  be  carried  out,  they  would  play  a key  role  in  assessing  the 
importance  of  the  effects  described  here. 

We  now  proceed  with  i.  very  crude  estimate.  We  have  in  mind  transitions 
from  the  filled  valence  band  to  an  empty  band  of  electronic  levels  localized  on 
the  core  of  a dislocation  line. 

Let  us  begin  with  a grossly  oversimplified  picture,  which  we  shall  subse- 
quently extend.  Suppose  a linear  dislocation  line  gives  rise  to  a linear  array 
of  localized  electronic  transitions,  each  of  which  absorbs  at  the  frequency  u)q. 
The  contribution  to  the  absorption  constant  /3(w)  from  such  an  array  of  levels 
is  given  by  an  elementary  formula: 

0<“»  = 6<“  - V • (1) 


where  n is  the  index  of  refraction  of  the  material,  m and  c the  mass  of  the 
electron  and  vacuum  velocity  of  light,  with  e the  electron  charge.  The  two 
remaining  quantities  f and  N are  the  oscillator  strength  of  the  transition  and 
the  number  of  levels/unit  volume,  respectively.  If  there  are  n^  dislocation 
lines/unit  area,  then  we  expect 


where  a^  is  the  distance  between  adjacent  unit  cells. 
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If  we  Cake  account  of  Che  band  like  character  of  Che  states  localized  on  the 
dislocation  line,  and  of  the  states  in  die  valence  band  which  form  the  initial 
state,  then  we  do  not  get  an  absorption  line  as  in  Eq.  (1),  but  an  absorption 
band  of  width  W.  The  transitions  described  by  Eq,  (1)  are  spread  over  this 
band,  and  we  account  for  this  by  the  replacement 

f 6(w  - coQ)  (3) 


where  (f  ) is  the  oscillator  strength  averaged  over  the  band.  Then  we  find  for 
the  absorption  constant 

2 tt 2 n,  e2  <f>1i 

O U /4\ 


It  is  a straightforward  matter  to  make  crude  estimates  of  all  quantities 
which  enter  Eq.  (4)  save  for  one:  the  average  value  of  the  oscillator  strength. 
We  shall  retain  it  in  the  for'  aulas  that  follow. 

We  now  inquire  about  the  dislocation  density  nd  required  for  0 to  assume 

"2  -8 
the  value  10  cm.  If  we  choose  W a 3eV,  = 3 x 10  and  n 2 , then  0 

-2 

will  equal  10  where  the  product  nd(f)  is  given  by 

nd<f>  ~ 3 x 107  cm"2  . (5) 


If  we  assume  the  transitions  are  strong,  so  (t)  is  near  unity,  then  a dislo- 

8 2 

cation  line  density  in  the  range  of  10  cm  may  lead  to  appreciable  contributions 
to  0 below  the  fundamental  absorption  edge  of  the  crystal. 
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The  primary  uncertainty  in  the  above  estimate  is  the  value  of  the  oscillator 
strength  (f ).  To  estimate  this  quantity  will  require  detailed  knowledge  of  the 
electron  wave  functions  that  enter  the  transition.  As  remarked  earlier  in  this 
section,  very  little  is  known  of  these  functions  at  the  present  time.  Thus,  the 
estimates  above  will  have  to  be  regarded  as  conjectural  in  nature  at  this  time. 

The  estimate  above,  with  the  qualification  expressed  in  the  preceding  para- 
graph in  mind,  suggests  the  possibility  that  the  presence  of  dislocation  lines 
may  lead  to  weak  broad  band  absorption  in  transparent  materials,  for  frequen- 
cies below  the  fundamental  absorption  edge.  It  would  be  most  interesting  to 
see  experimental  studies  which  explore  this  possibility. 
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A well-defined  band  has  been  observed  in  the  low  temperature 
infrared  spectrum  of  KI,  KBr,  Nal,  and  RbCl  in  the  region  corre- 
sponding to  the  sum  of  three  optical  branch  phonons  and  no  corre- 
sponding band  in  the  two-  and  four-phonon  regions.  These  results 
can  be  accounted  for  by  deducing  an  odd- even  quasiselection  rule 
for  crystals  having  a gap  between  the  optical  and  acoustical  branches 
of  the  vibration  spectrum. 


The  infrared  absorption  spectrum  of  alkali  halides  in  the  multiphonon  region  has 
received  a great  deal  of  experimental  and  theoretical  attention  in  the  pact  few  years. 
For  all  alkali  halide  crystals  which  have  been  studied  previously,  the  experimental 
results  consist  of  an  exponentially  decreasing  absorption  as  a function  of  frequency 
which  containt,  no  resolved  structure  in  the  three-phonon  and  higher  multiphonon 
regions.  1 The  theoretical  interpretation  of  these  results  has  been  accounted  for  by 
a number  of  different  approaches  which  have  generally  assumed  that  anharmonic 
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coupling  of  the  phonons  to  the  reststrahl  mode  is  the  main  source  of  the  multiphonon 
2-8 

absorption.  The  present  experimental  results  provide  the  first  evidence  for 
structure  in  the  multiphonon  absorption  of  alkali  halides.  A well-defined  band  has 
been  observed  in  the  low-temperature  infrared  spectrum  of  KI,  KBr,  Nal,  and  RbCl 
Ln  the  frequency  region  corresponding  to  the  sum  of  three  optical  branch  phonons. 

No  corresponding  bands  have  been  observed  in  the  two-  and  four-phonon  regions. 


Boyer  et  al.  predicted  structured  absorption  in  these  crystals  for  both  even  and 
odd  sums  of  optical  branch  phonons.  This  structure  arises  from  peaks  that  occur  in 
the  multiphonon  density  of  states  of  these  crystals  which  have  a gap  or  near  gap  be- 

g 

tween  the  optical  and  acoustical  branches  of  the  phonon  spectrum.  To  account  for 
the  missing  even  sum  bands  observed  experimentally,  one  must  use  a theory  that 
takes  proper  account  of  transition  matrix  elements  rather  than  simply  using  an  aver 
age  matrix  element  along  with  the  multiphonon  density  of  states. 

A general  theory  of  multiphonon  absorption  based  on  actual  phonon  interactions 

2 

and  dispersion  relations  has  been  presented  by  Sparks  and  Sham.  By  proceeding 
along  the  lines  of  Sparks  and  Sham  for  the  two-phonon  case,  Duthler  and  Sparks 
calculated  the  two-phonon  absorption  of  Nal,  which  has  a gap,  to  deduce  a quasi - 

9 

selection  rule.  This  rule  states  that  the  two-phonon  band  associated  with  the  sum 
ot  two  optical  branch  phonons  would  be  expected  to  be  much  weaker  than  the  sum  in- 
volving one  optical  and  one  acoustical  branch  phonon.  The  extension  of  a calculation 
of  this  nature  and  the  generalization  of  the  quasiselection  rule  to  higher  sum  bands 
is  presented  here  and  can  be  applied  to  explain  the  present  experimental  results. 
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The  experimental  results  for  the  infrared  multiphonon  spectrum  for  KI,  KBr, 
RbCl,  and  NaCl  are  shown  in  Fig.  1 along  with  a comparison  with  the  theory  of 

g 

Boyer  et  al.  and  the  results  for  Nal  are  shown  in  Fig,  2 along  with  a comparison 
with  the  present  theory.  Results  have  been  taken  on  different  crystals  with  differ- 
ent spectrometers  and  a correction  for  low  temperature  emittence  of  the  sample 
was  employed.  Consequently,  it  is  believed  that  the  observed  spectral  structure 
is  indicative  of  the  bulk  ( rystal  and  not  associated  with  impurities  or  with  the  in- 
struments. Some  difficulty  in  reproducibility  was  found  at  lower  absorption  coef- 
ficients which  is  believed  to  be  associated  with  surface  effects,  but  spectra  in  this 
region  are  not  essential  to  our  argument. 

The  results  for  NaCl  are  typical  of  many  crystals  which  have  been  studied 
previously  in  that  the  absorption  coefficient  decreases  exponentially  as  a function 
of  frequency  with  little  or  no  structure  in  the  three-  and  higher  n-phonon  regions, 
even  at  lower  temperatures.1^  The  calculations  of  Boyer  sugges*  that  some  slight 
structure  might  be  present  at  low  temperatures  for  NaCl  even  beyond  the  two- 
phonon  region.  While  the  experimental  results  might  be  regarded  as  showing  some 
structure,  this  would  be  difficult  to  confirm  without  additional  measurements. 

On  the  other  hana,  for  KI,  BbCl,  Nai,  and  KBr,  a definite  band  appears  at  low 
temperatures  and  some  trace  of  this  may  exist  at  room  temperature.  The  position 
of  this  band  is  in  quite  good  agreement  with  an  approach  based  upon  a multiphonon 
density  of  states  with  a position  for  these  gap  crystals  corresponding  to  the  sum  of 
three  optical  branch  phonons.  Furthermore,  no  corresponding  band  appears  in  the 
frequency  range  corresponding  to  two-  and  four-  optical  branch  phonons.  It  can  be 
seen  in  Fig.  2 for  Nal  that  theoretical  calculation  by  the  approach  to  be  described 
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succeeds  in  reproducing  the  main  features  of  the  experimental  data  of  Nal 
and  is  in  accord  with  the  quasiselection  rule  deduced  from  these  calculations.  As  is 
evident  from  the  data,  the  quasiselection  rule  appears  to  hold  for  the  other  gap  and 
near  gap  crystals  studied  here. 

In  calculating  the  absorption  coefficient,  we  include  only  the  anharmonic  con- 
tribution to  the  absorption  in  which  a photon  is  absorbed  by  virtual  excitation  of  the 
fundamental  reststrahl  mode  which  decays  by  emission  of  n final-state  phonons. 

The  contributions  to  the  absorption  from  higher-order  dipole  moments  is  neglected, 
although  there  have  been  recent  estimates  that  this  contribution  may  be  large.  ** 

As  the  transition  matrix  elements  for  both  mechanisms  are  similar,  the  quasiselec- 
tion rule  and  general  shape  of  the  absorption  may  have  many  common  features  using 
either  mechanism. 

In  the  following,  we  present  a new  form  for  the  Sparks  and  Sham  expression  for 
the  absorption  from  n-phonon  absorption  processes.  At  least  for  crystals  having  a 
gap,  it  is  possible  to  show  the  existence  of  an  n-phonon  quasiselection  rule  which 
states  that  the  splitting  of  the  fundamental  reststrahl  phonon  into  an  odd  number  of 
optical  phonons  is  a strong  process,  while  the  splitting  into  an  even  number  is  a 
weak  process. 

Using  the  results  and  notation  of  Sparks  and  Sham,  the  "anharmonic"  contribution 
to  the  absorption  coefficient  ^ as  a function  of  frequency  u>  is 
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(1) 


where  N is  the  number  of  unit  cells  in  a crystal  of  volume  O,  e*  is  the  Born  effec 
tive  charge,  c is  the  speed  of  light,  mr  is  th,?  reduced  mass  of  the  two  ions  in  the 
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unit  cell,  is  the  refractive  index  at  frequency  to,  to,  is  the  frequency  of  the 

I I 

fundamental  mode,  and  T(co)  is  the  relaxation  frequency  of  the  fundamental  mode. 

The  contribution  of  the  n-phonon  summation  process  to  the  relaxation  frequency  T 
is  obtained  in  Ref.  2 from  straightforward  perturbation  theory  which  yields 

rn(w>  = ^ h ( raj ) (57)  • <2> 


where 


E = N-n  E N 

n va 


A(^)  6H“0 


„ 2 [n<“>Qj)  + 1 

*,?,  2|u*<<yl  


“J 


1 / 1 \n+1 
l + (-l)  cos 


and  where 


(2Ia)]  • 


1/2 

ux (Qj)  = w<q^x  -(m</m>)  w 


iqx  ann  1 1 i<P(Qi) 

>Q.xe  =|Ux(<V|e 


(3) 


(4) 


in  Eqs.  (2)-(4),  m<  and  m^,  are  the  smaller  and  greater  ionic  masses;  n(toQj)  is 
the  Bose- Einstein  occupation  number  of  the  phonon  mode  Qj  having  wave  vector  q. , 
branch  b. , and  frequency  00q  ; w<r  and  w>n  are  the  x-components  of  the 
polarization  vectors  representing  the  displacements  of  the  smaller  and  greater  ions; 
ann  is  the  spacing  between  nearest-neighbor  ions;  and  is  the  (n+1  )th  deriva- 

tive of  the  assumed  nearest -neighbor,  central-iorcc  pciC'tiil.  In  Eq.  (2),  is  a 
vertex  correction  factor  to  the  simple  vertex  where  the  fundamental  mode  splits 
directly  into  n final-state  phonons  which  is  considered  explicitly  in  writing  Eqs.  (3) 
and  (4).  The  sum  over  phonon  modes  Qj  in  Eq.  (3)  is  unrestricted. 
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We  have  chosen  to  write  the  Fourier  transform  of  the  x-component  of  the 


relative  displacement  Ux(Q^)  in  Eq.  (<)  ir.  terms  of  a magnitude  and  a phase  <Pq 


which  is  slightly  different  than  in  Ref.  2 where  En  was  incorrectly  written  into 


terms  of  the  two  products  of  the  real  and  imaginary  parts  of  the  Ux  term.  The 


principal  term  involved  in  deduction  of  the  quasiselection  rule  is  the  phase  factor 


<pq  . For  a given  branch,  the  phase  factor  <Pq^  tends  to  remain  constant  through 


the  Brillouin  zone  with  <Pq^  ^ 0°  for  optical  branches  and  <Pq  — 90°  for  acoustical 


branches.  This  result  has  been  calculated  directly  for  the  simple  case  of  the  linear 


diatomic  chain  with  nearest -neighbor  interactions.  In  the  present  calculations,  the 


values  r*f  <Pq  were  taken  from  lattice-vibration  calculations  for  Nal  using  the  de- 
^ 12 

r J* 1 I_1  1/ 1 II L. 1 


formation  dipole  model  of  Karo  and  Hardy  where  the  mean  value  of  tp was 
found  to  be  3°,  3°,  and  4°  for  the  three  optical  branches  of  Nal  and  71°,  106°,  and 


115°  for  the  three  acoustical  branches.  By  approximating  the  phase  factor  by  0C 


for  optical  branches  and  by  90°  for  acoustical  branches,  it  is  possible  to  arrive 


at  the  odd-even  quasiselection  rule  for  sums  of  optical  branch  phonons  in  gap  crys- 


tals by  insertion  in  Eq.  (3).  The  slight  departure  from  an  exact  value  of  0°  or  90c 


will  result  in  a weakening  of  this  selection  rule  for  higher  multiphonon  processes. 


In  the  case  of  Nal,  it  would  be  expected  to  hold  to  about  seven  optical  phonons. 


Another  simplification  results  from  the  realization  that  the  magnitudes  of 


U (Q.)  for  a given  type  of  branch  (optical  or  acoustical)  are  fairly  constant  through- 
* J 

out  the  Brillouin  zone,  at  least  for  gap  crystals,  except  for  the  relatively  unimportant 


case  of  acoustical  phonons  near  the  zone  center.  This  result  is  obtained  using  either 


a one-dimensional  diatomic  chain,  or  using  the  Karo  and  Hardy  polarization  vectors 


for  Nal.  If  this  approximation  is  made,  the  complicated  q dependent  sum  in  Eq.  (3) 
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is  reduced  to  a thermally  weighted  density  of  states  in  which  the  branches  are  kept 
distinct.  These  approximations  also  allow  one  to  easily  calculate  vertex  correc- 
tions, which  are  found  to  be  negligible  for  Nal. 

Details  of  the  multiphonon  absorption  calculation  using  the  quasiselection  rule 

13 

will  be  published  elsewhere.  In  the  present  c&.o  lation,  it  has  been  assumed  that 
the  width  of  the  final- state  phonons  is  less  than  the  width  of  the  histogram  bins  used 
in  Fig.  3.  This  is  a fairly  good  approximation  at  80  K,  but  there  is  experimental 
evidence  from  inelastic  neutron  scattering  data  indicating  that  the  phonons  are  broad- 
ened at  room  temperature,  especially  for  the  longitudinal  optical  branch  where  there 
is  considerable  broadening.  Consequently,  the  room  temperature  theoretical 

curve  is  much  sharper  than  the  experimental  curve  where  no  distinct  three-phonon 
14 

peak  is  observed.  Incorporating  a phonon  linewidth  in  the  present  theory  would 
improve  the  agreement. 

In  conclusion,  the  first  experimental  evidence  for  a well-defined  band  in  the 
three-phonon  region  of  an  alkali  halide  has  been  found  in  KI,  RbCl,  KBr,  and  Nal, 
all  of  which  have  a gap  or  near  gap  between  the  optical  and  acoustical  branches. 

This  band,  which  corresponds  to  the  sum  of  three  optical  branch  phonons,  can  be 
accounted  for  by  a generalization  of  a quasiselection  rule  which  states  that  the  odd 
sum  band  of  optical  branch  phonons  in  the  multiphonon  spectrum  is  much  stronger 
than  the  even  sum.  This  quasiselection  rule  has  been  deduced  for  a crystal  having 
a gap,  but  is  believed  to  apply  to  some  extent  to  all  of  the  alkali  halides. 

We  should  like  to  thank  L.  L.  Boyer  for  permission  to  use  his  unpublished 
calculated  spectrum  of  RbCl,  and  M.  Sparks  for  discussions  concerning  the  theory 
of  multiphonon  absorption. 
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Figure  Captions 

FIG.  1,  Absorption  coefficient  as  a function  of  frequency  for  some  alkali 
halides  compared  with  calculations  of  Boyer,  et  al.  For  crystals  with  a gap  *r 
near  gap  ( KI,  KBr,  and  RbCl ),  the  band  corresponds  to  the  sum  of  three  optical 
branch  phonons.  For  NaCl,  which  lacks  a gap,  no  well-defined  structure  is  ob- 
served at  low  temperature, 

FIG.  2.  Absorption  coefficient  as  a function  of  frequency  for  Nal  compared 
with  present  calculations.  The  band  corresponds  to  the  sum  of  three  optical  branch 
phonons. 

FIG.  3.  Contributions  to  the  relaxation  frequency  ol  Nal  as  a function  of  fre- 
quency for  quasiallowed  combinations  of  phonons.  The  relatively  small  contribution 
made  by  the  quasiunallowed  sum  of  two  optical  phonons  is  shown  by  a dashed  line  to 
illustrate  the  validity  of  the  quasiselection  rule. 
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I.  ENHANCED  STIMULATED  RAMAN  SCATTERING  AND  GENERAL 
THRE  E-  BOSON*  PARAMETRIC  INSTABILITIES* 

M.  Sparks  and  J.  H.  Wilson 
Xonics,  Incoroorated,  Van  Nuys,  California  91406 

A recent  theory  of  stimulated  Raman  scattering  explained  a Stokes  - 
intensity  enhanced  gain  that  had  been  observed  but  that  was  not  predicted 
by  earlier  theories.  It  is  shown  that  in  the  earlier  golden-rule  analyses 
(perturbation  theory  treatment  of  occupation  numbers  n)  the  enhancement 
was  lost  by  neglecting  the  increase  of  the  vibrational  amplitudes  above 
their  thermal  equilibrium  values.  Even  though  the 'probability  of  an  indi- 
vidual ion  or  molecule  being  excited  is  small,  the  occupation  number  of 
the  phonon  in  the  Raman  process  is  large.  In  rhe  previous  mode- amplitude 
analyses,  the  enhancement  was  lost  in  the  method  of  linearizing  the  non- 
linear differential  equations.  By  solving  these  same  mode- amplitude  equa- 
tions for  the  n's  without  using  the  previous  linearization  scheme,  the  en- 
hancement is  obtained  and  the  equivalence  of  the  mode-amplitude  and 
golden-rule  Boson-occupation-number  results,  is  demonstrated  explicitly. 
The  analysis  shows  explicitly  that  the  loss  of  phase  information  in  using 
the  Boson  occupation  numbers  does  not  cause  the  loss  of  enhancement. 

The  results  are  applicable  to  other  three-Boson  splitting  processes  that 
are  important  in  ferromagnetism,  phonon  interactions,  plasma  instabili- 
ties, and  device  physics. 
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I.  INTRODUCTION 

Stimulated  Raman  scattering  was  first  observed*  and  analyzed^’  ^ in  1962. 

It  was  recently  realized  that  a parametric  instability  in  the  Raman  Stokes  pro- 
cess causes  a Stokes -intensity  gain  enhancement  that  explains  a number  of  ob- 
served anomalies  including  a nearly  discontinuous  increase,  or  "jump,"  in  the 
Stokes  intensity  Ig  as  a function  of  the  laser  intensity  1^  in  the  absence  of  self 

focusing  and  feedback.  The  purpose  of  the  present  investigation  is  to  resolve 

2 3 

the  discrepancy  between  early  theories  * that  did  not  give  the  gain  enhance- 

4 

ment  and  the  later  theory  that  did.  In  addition  to  identifying  the  assumptions  in 
both  typos  of  the  eaxly  theories  that  led  to  the  loss  of  enhancement,  the  equiva- 
lence of  the  results  of  the  occupation  number  (n ) rate-equation  analysis  and  the 

f 

mode  amplitude  ( a and  a ) analysis  is  demonstrated,  and  it  is  shown  that  the 
loss  of  phase  information  in  the  occupation-number  analysis  does  not  affect  the 
enhancement  results.  The  results  are  of  interest  in  the  general  three-Boson 
splitting  problem,  which  arises  in  a number  of  fields  of  physics,  as  discussed 
below. 

The  characteristic  feature  of  a parametric  instability  is  that  as  the  ampli- 
tude nQ  of  some  mode  0 increases,  the  amplitude  n^  of  a mode  k that  is 
coupled  to  0 first  increases  slowly,  then  increases  rapidly  to  a great  value  as 
!1q  approaches  a critical  value.  For  example,  in  the  Raman  process  a laser 
photon  is  annihilated,  a Stokes  photon  is  created,  and  a fundamental  (Reststrahl) 
phonon  is  created.  As  the  laser-photon  occupation  number  n^  approaches  a 
critical  value  n^ , the  occupation  numbers  n^  and  ng  of  the  fundamental-phonon 
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and  Stokes-photon  modes  become  very  large.  This  Increase  in  the  value  of  nc 
is  the  gain  enhancement  and  "jump"  already  mentioned. 

Any  three -Boson  splitting  process  is  potentially  unstable  parametrically. 

There  are  analogies  between  the  instability  in  the  Raman  process  and  previously 

5-7 

studied  instabilities  in  ferromagnetic  resonance  (premature  saturation  of  the 

main  resonance,  subsid  ary  absorption  below  th«  main  resonance,  and  parallel- 

8 9 

pumping  absorption),  plasma  physics,  and  electronic  devices. 

The  physical  interpretation  of  these  instabilities  is  rather  simple.  The  balance 
of  energy  put  into  the  f phonons  by  the  Raman  process  against  that  removed  from 
the  f phonons  by  relaxation  is  a key  to  the  explanation.  The  power  out  by  relaxa- 
tion (by  interaction  with  impurities  or  other  phonons,  for  example)  increases 
linearly  with  the  number  of  phonons  nf , which  is  just  the  condition  that  a relaxa- 
tion time  exists.  On  the  other  hand,  the  power  into  the  f phonons  increases  non- 
linearly  with  increasing  nf  since  She  Raman  process  is  a three-Boson  process 
(which  results  in  products  of  Boson  occupation  numbers  in  the  expression  for  the 
power).  Thus,  at  a critical  value  of  the  laser  intensity,  the  amplitude  nf  be- 
comes very  large. 

Previous  analyses  of  stimulated  Raman  sc.  ’tiering  and  other  parametric  pro- 
cesses used  either  the  equations  of  motion  of  the  Boson  occupation  numbers  ob- 
tained from  perturbation  theory  (the  golden  rule)  or  the  equations  of  motion  of  the 
mode  amplitudes  (creation  and  annihilation  operators  or  Fourier  components  and 
their  complex  conjugates  of  the  electric  field,  for  example).  In  the  case  of  stimu- 
lated Raman  scattering,  the  previous  results  from  the  mode -amplitude  analysis  do 
not  give  the  enhancement  obtained  by  the  recent  occupation-number  analysis. 
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In  the  present  paper  the  relation  between  the  two  approaches  is  demonstrated 
explicitly,  and  the  points  in  the  previous  analyses  at  which  the  enhancement  was 
lost  are  identified.  In  the  previous  golden-rule  type  analyses,  the  enhancement 
was  lost  by  neglecting  the  deviation  of  the  vibrational  amplitude  from  the  thermal 
equilibrium  value.  Even  though  becomes  large,  the  probability  of  an  individual 
ion  or  molecule  being  excited  is  small,  roughly  speaking.  Specifically,  nf/N  « 1 
is  usually  satisfied,  where  N is  the  number  of  unit  cells  or  molecules.  It  was  this 
fact  that  the  individual  ions  or  molecules  are  not  highly  excited  that  led  to  the  as- 
sumption that  the  thermal  equilibrium  values  were  maintained  in  the  previous  an- 
alyses. There  are  similar  results  for  other  three-Boson  processes.  For  example, 
in  ferromagnetism,  magnon  occupation  numbers  are  large  at  the  threshold,  while 
the  probability  of  an  individual  electrun  spin  being  in  the  reversed-spin  state  is 
small. 

In  the  previous  mode- amplitude  analyses,  the  enhancement  was  lost  in  the 
method  of  linearizing  and  decoupling  the  nonlinear  differential  equations  for  the 
mode  amplitudes  a^»  ag,  a^,  and  their  complex  conjugates  (or  Hermitian  conju- 
gates in  the  quantum -mechanical  solution).  It  is  shown  specifically  that  reducing 
the  nonlinear  equations  to  parametric  linear  equations  (that  is,  linear  equations 
with  time-dependent  coefficients)  by  assuming  that  the  laser-field  amplitude 
a^=  bLfixp(-iwLt),  where  bL  is  a constant,  results  in  the  loss  of  the  enhance- 
ment. The  same  linearization  scheme  applied  to  well  known  magnon  or  phonon 
parametric  instabilities  results  in  the  loss  of  the  steady- state  solution,  even 
though  damping  is  included  end  a steady-state  solution  is  expected  on  the  basis 
of  simple  physical  arguments.  By  solving  the  same  mode-amplitude  equations 
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for  the  n's  without  using  this  linearization  scheme,  the  difficulties  are  removed  and 
the  equivalence  of  the  mode- amplitude  and  golden-rule  results  is  demonstrated  ex- 
plicitly for  the  stimulated- Raman -scattering  and  magnon  problems. 

The  central  features  of  enhanced  stimulated  Raman  scattering  are  classical. 

In  the  classical  analyses,  care  has  been  exercised  to  keep  the  order  of  the  a and 
a^  correct  so  that  the  equations  can  be  easily  converted  to  quantum  equations  in 
Sec.  IV.  The  present  analysis  is  concerned  only  with  the  steady-state  solution. 

In  Sec.  IV  several  points  that  are  not  apposite  to  the  central  results,  but  are 
of  general  interest,  are  discussed.  These  include  a ferromagnetic  instability, 
purely  quantum  mechanical  effects,  resolution  of  a difficulty  in  the  quantum  treat- 
ment when  dissipation  is  included,  and  the  problem  of  phases  mentioned  above. 
Important  results  are  indicated  by  underscored  equation  numbers. 
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II.  MODE- AMPLITUDE  ANALYSIS  OF  ENHANCED 
STIMULATED  RAMAN  SCATTERING 


In  this  section  the  same  mode-amplitude  equations  for  stimulated  Raman 
scattering  that  were  previously  solved  by  a common  linearization  approximation 
to  obtain  gain  without  enhancement  are  solved  without  making  this  linearization 
approximation.  The  present  solution  gives  the  gain  enhancement  and  agrees 
with  the  results  of  the  golden-rule  analysis,  as  discussed  in  the  following  section. 


The  mode-amplitude  equations  have  been  obtained  classically  from  Maxwell's 
equations  with  terms  added  to  account  for  the  coupling  of  the  electromagnetic  and 
elastic  waves.**'1^  * Specifically,  an  interaction  Lagrangian  was  added  to  the  sum 
of  the  electromagnetic  and  elastic  Lagrangians  and  the  field-amplitude  equations 
were  obtained  from  the  Lagrangian.  The  resulting  second-order  partial  differen- 
tial equations  were  reduced  by  standard  methods  to  the  following  first-order  par- 
tial differential  equations  1 1 


daf  + 1 

— « -iufaf-  VaLas  - j T a, 


9a 


da. 


S + U“S 

= -ioocac  - v a.  a,  - cc  -r— 

at  S S L f S ax 


d a^  d 

— — = -ico,  a,  + V*a,ac  - cT  

dt  L L f S L ax 


(2.1) 

(2.2) 

(2.3) 


where  the  a's  are  the  Fourier  components  of  the  fundamental  phonon  field  f , the 

laser  field  L,  and  the  Stokes  field  S,  the  a^'s  are  the  complex  conjugates  of  the 

♦ 

a's,  V is  the  coupling  coefficient  for  the  coupling  of  the  three  fields,  and  V is 
the  complex  conjugate  of  V.  Equations  (2.  l)-(2.3)  and  the  complete  treatment 
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of  Secs.  II  and  in  are  classical.  If  (2.  l)-(2. 3)  are  to  be  interpreted  as  quantum- 
mechanical  operator  equations,  a noise  source  must  be  added  to  preserve  the 
commutation  relations  since  damping  has  been  added  in  these  equations.  The 
quantum  treatment  will  be  considered  in  Sec.  VI. 

The  previous  solutions  were  obtained  by  linearizing  these  equations  by  assuming 

that  a^  = aj^exp(-io!t)  where  a^  is  a constant,  as  discussed  in  Sec.  I.  There 

are  several  possible  ways  of  solving  these  equations  without  using  this  linearization 

method,  as  discussed  in  Sec.  IV.  'Die  simplest  method,  which  also  best  illustrates 

the  relation  to  the  golden-rule  results,  is  to  convert  equations  (2.  l)-(2. 3)  to  rate 
4-4*  4“ 

equations  for  n^  = nL  = aLaL,»  nS  = aSaS'  be  solved  for  the 

steady-state  solution.  This  is  easily  accomplished  by  using  dnf/dt  = af  daf/dt 
+ cc  and  similar  equations  for  ng  and  nL,  which  gives 


&n, 

-r-i  = F-  rn- 
at  * 

(2.4) 

S nc  dnc 

2.  - f - c 

at  s ax 

(2.5) 

anL  ^nL 

~ = "F  ‘ cl  IT 

(2.6) 

|f  * 2lV|2[nL(nf+ns)-nsnf)-  j TF 

(2.7) 

F h -V  a^a| ag  + cc  . 

& «) 

Equation  (2.7)  was  obtained  by  substituting  (2.  l)-(2. 3)  into  -dF/dt 
= V(Sa^/dt)  a£  a],  + Va^da^/dt)  ajj  + Va^aj 3ag/St  + cc.  The  term 
Vcjj(ba^/&x)  a£ ag+  Vcga^a^dag/ax  + cc  vanishes  since  a Stokes  photon 
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is  created  for  every  laser  photon  annihilated  and  the  propagation  of  the  two 
photons  is  the  same  fov  Cg  2;  c^. 

Setting  the  time  derivatives  of  n^,  ng,  and  F equal  to  zero,  as  discussed 
in  Sec.  IV,  gives  the  steady^state  solution 


2 -1 

cs  Tx“  = 4,vl  r [nL(nf+nS)_nSnf] 


(2.9) 


and 


nR  [nL(nf + ng)  - ngnf  ] - nf  = 0 


(2. 10) 


where  nR  = T* / 4 | V f . Neglecting  the  saturation  term  ngn^  in  (2. 10),  which 

12 

has  been  considered  elsewhere  and  not  apposite  to  the  argument,  and  solving 
for  nf  gives 


n 


f 


(nL/nR)nS 
1 "nL/nR 


(2.11) 


The  results  (2. 11)  and  (2.9)  with  Og^  neglected  give  the  enhanced  stimulated 
Raman  scattering  result 

ns  = t-ns<0)expfignewx  , 2iiD 

where  0gnew  = (T  /cs  ) h^/n^ ( I - n^/ng)  . The  results  (2. 9)-(2. 12)  are 

4 

identical  to  the  results  derived  previously  using  the  golden  rule.  In  passing, 
notice  that  n^  can  be  considered  as  a constant  in  (2.7). 
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in.  LOSS  OF  ENHANCEMENT  IN  PREVIOUS  ANALYSES 
2 3 

Previous  treatments  ’ of  stimulated  Raman  scattering  did  not  yield  the 
enhancement  obtained  in  the  previous  section.  Fhese  analyses  either  specifically 
assumed  no  increase  in  the  vibrational  energy  above  the  thermal  equilibrium 
value  or  solved  equations  (2, 1)  and  (2.2)  or  their  equivalents  by  a method  equiva- 
lent to  that  described  below.  In  the  former  case,  (2. 11)  (or  (4. 19)  in  the  following 
section)  is  replaced  by 


nf  - nf  . 


Substituting  this  expression  into  (2.9),  neglecting  the  saturation  term  n^nj.,  and 
solving  for  ng  gives 


- , 0old 


nS  = nf  (e 


- 1)  + ng(0)  e 


0oldx 


(3.1) 


where  *dU*4lV!  nL/rcs  = (r/Cg)(n^/n^).  This  is  just  the  previous 
Raman  gain  factor  with  no  enhancement. 

In  the  latter  of  these  two  previous  types  of  analyses,  the  nonlinea:  equations  (2.1) 
and  (2.2),  which  were  treated  as  classical  equations,  were  linearized  and  decoupled 
from  (2. 3)  by  assuming  that 


aL  5 bLe 


-'“V 


(3.2) 


where  bL  is  independent  of  time.  Then  substituting  af  = bf  exp(-  ioof  t ) and 
ag  = bg  exp(icOgt)  into  (2. 1)  and  the  Hermitian  conjugate  of  (3.2)  gives 


dbf  ^ j 

w - VbLbS  ■ Irbf 


(3.  3a) 
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V'bLbf 


at, 


t 


_s 

ax 


(3. 3b> 


for  the  case  of  resonance,  that  is  co^  = Wg  + . Setting  the  time  derivatives 

equal  to  zero  and  eliminating  from  ..he  two  equations  gives 

abp  2 

- 2ivr"LVr 


which  has  the  solution 

Q x 

bg ( x ) = bg(0)  e (3.4) 

2 

where  p = 2 | V | nL/csr,  which  shows  no  gain  enhancement.  A nonzero  steady 
state  solution  (3. 4)  was  obtained  in  this  previous  analysis  because  the  pump  bL 
acts  as  a source.  This  is  particularly  clear  in  the  analogous  problems  of  a para- 
metrically pumped  pendulum  or  moving-plate  capacitor  problem  where  the  energy 
is  supplied  by  the  mechanism  that  changes  the  length  of  the  pendulum  or  moves 
the  capacitor  places. 

In  order  to  further  show  how  the  assumption  (3,2)  causes  the  loss  of  enhance- 
ment, (3. 3)  with  b^  independent  of  time  will  be  solved  by  another  method,  in 
direct  analogy  with  the  solution  of  Sec.  II  where  the  time  dependence  of  b^  was 
retained.  By  the  same  method  used  in  Sec.  II , (3. 3a)  and  (3. 3b)  give 


— = F-Tn.  (3.5) 

St  1 


ang 

at 


= f - 


ang 

ax 


aF 

at 


- 2 |v| 


nL(nf+nS)_ 


TF  - (csVbLbf 


abg 

ax 


+ cc) 


(3.6) 

(3.7) 
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By  neglecting  the  time  dependence  of  b^,  the  nonlinear  term  -2 1 V l^n^ng  in 
(2.7)  is  lost  and  the  last  term  in  (3.7),  which  did  not  appear  in  (2.7),  is  gained. 
The  former  makes  the  solution  incorrect  in  the  saturation  region  and  the  latter 
eliminates  'a:e  enhancement.  Neglecting  the  time  dependence  of  is  equivalent 
to  neglecting  the  last  two  terms  in  (2. 3)  for  da^/dt.  By  so  neglecting  the  last 
term  c^da^/dx  in  (2.3),  the  cancellation  of  the  similar  term  Cgdag/dx  from 
(2.2)  does  not  occur  in  the  equation  for  ?F/dt;  thus,  the  last  term  in  (3.7)  is 
present.  Neglecting  the  other  term  V*af  ag  in  (2.3)  corresponds  directly  to  the 

i |2 

absence  of  the  term  2 | V | ngn,  in  (3. 7).  Tliis  discussion  indicates  that  the 
physical  significance  of  the  linearization  by  using  (3.2)  is  that  the  effect  of  in- 
creases in  the  amplitudes  af  and  ag  on  the  amplitude  a^  is  neglected  and  the 
spatial  rate  of  change  of  a^  is  neglected  while  a comparable  term  of  ag  is 
retained. 

Stated  differently,  it  is  tempting  to  neglect  the  time  derivative  of  bL  when 
b^  is  large  so  that  the  fractional  change  in  b^  is  small.  However,  db^/dt 
must  be  retained  since  it  is  of  comparable  magnitude  to  other  terms  such  as 
dbg/dt  that  are  retained.  It  makes  no  difference  that  the  fraction  change  in 
bg  is  large  while  that  in  b^  is  small. 

Finally,  the  loss  of  enhancement  in  (3.5)-(3. 7)  can  be  seen  by  setting  the 
time  derivatives  equal  to  zero,  &ng/&x  = 0ng,  and  abg/dx  = j /3bg  in 
(3.5)-(3. 7)  and  eliminating  F.  This  gives 

2 | V I nL(nf+  ng)  - j ( T + Cg/3)  CgjSng  = 0 

Cgflng  = rnf  . 
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Eliminating  nf  gives 

2|v|2r1nL(cse+D  - ^(csS+Dcs?=  0 

Dividing  by  J cg  (cg/i  + T ) gives 

0 - 0olua  4lVi2/csr 


in  agreement  with  (3. 4). 
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IV.  FERROMAGNETIC  INSTABILITIES,  QUANTUM 
MECHANICAL  EFFECTS,  AND  PHASES 

The  considerations  of  this  section  are  not  essential  to  the  explanation  of 

differences  in  the  three  types  of  treatment  of  enhanced  Raman  scattering,  but 

are  of  general  interest.  Fix  st  consider  the  parametric  instability  in  the  simplest 

three-Boson  process,  illustrated  in  Fig.  i,  where  one  Boson  0 is  annihilated  and 

two  Bosons  having  equal  frequencies  and  damping  are  created.  The  propagation 

of  all  three  Bosons  is  negligible.  As  specific  examples,  in  the  case  of  ferromag- 

5-7 

netic  subsidiary -resonance  absorption,  Boson  0 is  a uniform  precession  (wave 

vector  k = 0)  magnon,  and  in  parallel  pumping.  Boson  0 is  a photon  in  the  micro- 

wave  cavity.  In  both  cases,  the  output  Bosons  are  magnons  having  wave  vectors 

k and  -k.  Propagation  effects  are  negligible  since  the  magnons  cannot  propagate 

out  of  the  sample  and  the  sample  is  small  with  respect  to  the  electromagnetic 

12 

wavelength.  The  process  also  represents  phonon  processes  and  other  Boson 
processes. 

It  will  be  demonstrated  that  the  equations  of  motion  of  the  mode  amplitudes 
can  be  solved  to  give  the  golden -rule  results  directly.  The  same  mode- amplitude 
equations  will  be  solved  by  an  approximate  method  of  converting  nonlinear  differ- 
ential equations  into  linear  differential  equations  with  time-dependent  coefficients, 
or  so  called  parametric  equations.  This  approximate  method,  which  is  the  same 
method  used  in  the  early  treatments  of  the  stimulated  Raman  scattering,  gives 
incorrect  results  in  the  present  magnon  problem  as  it  did  in  the  stimulated  Raman 
scattering  problem. 

The  equations  of  motion  of  the  Fourier  components  a's  of  the  k = 0 and  the 

5 7 

+ k and  -k  modes,  denoted  0, +,  and  -,  and  the  complex  conjugates  are  ’ 
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! 


da+/dt  = 

-ito+a+  - BaQa^  -ya+  , 

(4.1) 

da^/dt  = 

-icc_a^  - B*aja+  - ya^  , 

(4.2) 

daQ/dt  = 

-iw0a0  + B*a+a_  , 

(4.3) 

t ! 


where  B is  the  coaling  constant.  This  set  of  equations  (4.  l)-(4. 3)  and  the 
Hermitian  conjugate  equations  is  a set  of  six  nonlinear  classical  differential 
equations  for  the  six  variable  a.  and  at  with  i = 0,  4- , - . 

A previous  classical  method  of  solution  was  to  linearize  the  equations  by  for- 

-iW  t f + iwnt  f 

mally  assuming  that  a^=  bg  e and  ag=  bg  e where  bg  and  bg  are  constants, 

as  in  Sec.  II.  Then  (4. 1)  and  (4.2)  are  a set  of  two  parametric  differential  equations 

for  a+  and  at.  Substituting  these  expressions  for  ag  and  along  with  a+=  b+exp(-iw+t) 

+ + 

and  a_  = b_  exp(ico  t)  into  (4.2)  and  (4.3)  and  taking  the  derivatives  gives 


db+/dt  = Bbgbt  - yb+ 


dbt/dt  = B*bjb+  - Vtt 


(4.4) 

(4.5) 


The  time-dependent  coefficients  were  eliminated  by  assuming  that  the  reso- 
nance condition  Wg  = u>+  + w_  is  satisfied.  Since  these  two  equations  are  linear 
with  constant  coefficients,  their  solution  is  simple.  Taking  the  derivative  of  (4. 4), 
using  (4.5)  to  eliminate  b_  , and  substituting  the  trial  solution  b+  = b+gexp(Xt) 
into  the  resulting  equation  gives 


a+  = e 


-iw+t  -iy  t 
e 


)<+.e|Bb0|t  + b<->;|Bb0i' 


(4.6) 
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There  is  no  non-zero  steady-state  solution  except  in  the  singular  case  of 
|BbQ  | = y.  The  common  expression  "par: metric  instability"  arises  from  the 
fact  that  a+  becomes  infinite  as  t ■»  ® when  the  amplitude  ) bp  | of  the  zero 
mode  is  sufficiently  gre  vc;  that  is,  when 

|bQ|2  > y2/|B|2  . (4.7) 

The  classical  effect  of  neglecting  the  time  dependence  of  bg  is  somewhat  less 

dramatic  in  the  present  case  of  the  mag...,n  instability  than  in  the  Raman  scattering 

case  since  the  correct  steady-state  solution  for  small  values  of  bg  is  a+  = 0 even 

when  the  time  dependence  of  is  retained.  In  the  case  of  large  values  of  bg , 

the  difference  between  the  zero  steady-state  solution  obtained  for  the  case  of  bg 

independent  of  time  and  the  non-zero  steady-state  solutions  (4. 13)  and  (4.  14)  for 

the  case  of  time  dependence  included  is  of  course  more  significant.  In  passing 

f 

it  is  mentioned  that  in  parametric  equations  die  terms  such  as  BbQb_  and  its 
complex  conjugate  in  (4.4)  and  (4.5)  are  source  terms,  which  give  rise  to  the  en- 
ergy flow  from  the  k = 0 to  the  ±k  modes.  Thus,  the  steady-state  solution  is  not 
b+  = b_  = 0 in  general. 

To  resolve  the  difficulty  of  no  classical  steady-state  solution,  a method  of  solu- 
tion other  than  the  parametric  linearization  used  above  is  needed.  One  approach 
would  be  to  linearize  (4. 1)  simply  by  considering  a^a^  as  a single  variable.  Since 
aga^  is  coupled  to  a+  according  t (,4. 1),  the  standard  procedure  is  to  consider  the 

"t"  ■f 

equation  of  motion  for  aga_  . I his  equation  contains  only  a+  and  aga_  (and 
no  product  a+aQa^),  then  the  two  linear  differential  equations  could  be  easily 
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solved.  Unfortunately  the  equations  do  not  uncouple  at  this  step.  Furthermore, 
taking  the  derivatives  of  the  additional  variables  that  appear  in  the  ag  a^  equation 
couples  in  still  more  variables,  and  the  chain  of  equations  becomes  large.  Never 
theless,  this  method,  along  with  several  other  powerful  and  elegant  methods, 
afford  useful  tools  for  attacking  the  problem.  As  already  noted  in  Sec.  II , a 
simpler  method  is  to  start  with  the  operator  aja,  = n,  , rather  than  a,  . Just 
as  in  Sec.  II , it  is  found  that 


dn+/dt  = F+  - T(n+  - n+)  (4.8) 

dn_/dt  = * T(n_  + ii_ ) (4. 9) 


drig/dt  = -F+ 


d Fj  / d t = 2 j B |2  ' 


nQ(n+  + n_)  - n+n_ 


-TF, 


(4. 1U) 
(4. 11) 


where  F+  = -Baga|a^  H cc  and  1*  = 2y , the  factor  of  two  arising  as  usual 

i |2 

from  the  fact  that  a ~ exp(-'yt)  implies  that  |a  | ~ exp(-2yt).  The  terms 
r n+  and  T n_  were  added  formally  to  make  n+  and  n_  relax  to  their  thermal 
equilibrium  values  n+  and  n _ . As  in  the  prev’ous  cases,  the  treatment  is  clas- 
sical. If  the  usual  commutation  relations  for  the  a^  and  a are  used  formally, 
then  n+  + n_  in  (4. 11)  is  replaced  by  n+  + n_  + 1 . The  considerations  of  the 
commutation  relations  and  of  adding  damping,  noise  sources,  and  thermal  equi- 
librium values  that  are  addressed  below  for  the  case  of  Raman  scattering  are 
not  considered  here  since  this  would  carry  us  too  far  afield. 

There  are  several  physical  situations  for  which  the  solutions  to  (4.8)-(4. 11) 
are  of  interest.  The  first  is  that  to  which  the  golden  rule  is  commonly  applied. 
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That  is,  at  time  t = 0 the  system  is  in  the  state  in  which  n^  is  very  large  and 

all  other  modes  are  in  thermal  equilibrium,  roughly  speaking.  The  perturbation 

T t 

- ib  Bapa+a  + c c is  then  applied  for  a time  short  with  respect  to  the  time  for 
Hq  to  change  substantially,  but  sufficiently  long  for  energy  conservation  to  be  well 
satisfied.  The  case  in  which  ng  is  maintained  at  a constant  value  by  the  micro- 
wave  field  in  the  cavity  also  is  of  Interest.  In  both  of  these  cases,  n^  is  constant, 
or  approximately  constant.  However,  dn^/dt  in  (4. 10)  is  not  zero  because  (4. 101 
is  only  the  contribution  to  the  rate  of  change  of  n^  from  the  coupling  to  the  ±k 
modes.  Stated  differently,  "fitpQdnQ/dt  from  (4. 10)  gives  the  power  from  the 
zero  mode  to  the  pair  ±k,  which  is  not  zero  in  the  steady  state.  The  contribu- 
tion to  dn^/dt  from  the  coupling  of  the  zero  mode  to  the  microwave  field  could 
be  added,  by  replacing  (4. 10)  with  d n^  / d t = const,  n^  - F+  for  example,  but 
this  would  carry  i s too  far  from  the  issue  at  hand.  In  passing,  notice  the  physi- 
cal significance  of  F+  as  the  energy  flow  from  the  zero  mode  to  the  pair  ±k,  in 
units  ol  quanta  per  second. 


The  steady-state  solution  to  (4. 8)-(4.9)  is  obtained  by  setting  dF+/dt  = 0 
(i.e. , constant  energy  flow)  and  dn.+  /dt  = 0 and  solving  for  n+  and  n_ . This 
gives 


2„-2 


n_  = n+  = 2 | B r r 


2n0n+ 


,*1 


+ 


(4.  12) 


which  are  the  standard  results  obtained  from  the  golden  rule.  For  ny  < n£  - e, 
where  c is  very  small,  the  solution  to  (4. 12)  is 


= n+  = 


+ 

1 - n„  / n 
O'  c 


(4. 13) 
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where  n = n,  , for  nrt  > n + c the  solution  is 
+ 0 c 


n_  = n+  = 2(nQ  - nc  ) , 


(4. 14) 


- 1/2 

and  for  Hq  = nc,  the  solution  is  n_  = n+  = (2  ngn+  ) 


These  results  are  obtained  simply  from  the  golden  rule  as  follows:  The 

2 2 

standard  expression  (2  ir  /"fi  ) | ( f 1 3C  | i ) | 6 (w)  for  the  transition  rate  between 
states  |i)and  |f)  gives 


dn+/dt  = (2ir/1i  ) 


|K|!  - !K|2. 


p(w)  - r(n+  - n+) 


2 2 
where  |3C^  is  the  matrix  element  for  increasing  n+  by  one,  |x|_  is  that  for  de- 


creasing n^  by  one,  p( go)  is  the  density  of  states,  and  the  relaxation  term  T(n+  - n+) 


is  added  formally.  For  a single  transition  on  resonance  (u)q  = co+  + w_  ) the 

,7,6,4 


appropriate  value  of  p(co)  is 


p(cu)  = 1/irT.  Using  tiie  usual  expressions 


for  the  matrix  elements  of  the  a's  and  a s gives 


dn+/dt  = 2 | B |2 r 1 


(n+  + l)(n_  + l)nQ  - n+n_(nQ+  1) 


•T (n+  - n+)  . 


(4. 15) 

Since  the  bracket  factors  in  (4. 15)  and  (4. 11)  (with  the  replacement  n+  + n_  -»  n+ 

+ r_  + 1 ) are  equal,  the  steady-state  solution  to  (4. 15)  is  given  by  (4. 13)  and 
(4. 14)  as  already  mentioned.  Notice  that  when  the  factor  of  1 is  added  to  (4. 11), 


n+  in  (4. 13)  is  replaced  by  n+  + n^  / 2 n£ . 


Even  though  only  the  steady-state  case  is  considered  here,  it  should  be  men- 
tioned that  the  transient  solutions  of  (4. 15)  and  of  (4.  8)-(4. 10)  are  different  in 
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general.  The  simplest  case  of  n+n_  negligible,  n+(0)  = constant,  and 
n^  = constant  can  be  solved  trivially  to  illustrate  this  point. 

9b  9c  13  14 

In  the  quantum  mechanical  treatment  it  is  well  known  ’ ’ ’ that  for- 

mally adding  the  term  - j Ta^  to  the  equation  (2. 1)  for  da^/ dt  is  inconsistent 
with  the  commutation  relation  [a^.,  aj”  ] = 1.  The  difficulties  with  the  commuta- 
tion relations  and  with  relaxation  to  zero  have  been  the  subjects  of  numerous 

5 9 13  14 

previous  investigations.  ’ ’ ’ In  the  magnon  pr  )blem,  relaxation  to  thermal 

equilibrium  has  been  treated  classically  by  formally  adding  a noise  source.^ 

Both  the  commutation-relation  problem  and  that  of  relaxing  to  zero  can  be  treated 

by  enlarging  the  system  to  include  the  modes  that  are  responsible  for  the  damping, 

9c  13  14 

that  is,  by  including  a damping  reservoir  explicitly.  * * Since  noise  problems 

are  not  addressed  in  the  present  study,  it  is  not  surprising  that  the  phenomenologi- 
cal damping  used  above  can  be  justified  within  the  usual  enlarged- system  approach 
as  follows. 

The  simplest  damping  mechanism  is  that  of  two-Boson  damping  induced  by  a 
localised  imperfection  such  as  a void  or  impurity  ion.  ( For  nonlocalized  imper- 
fections, wave  vector  is  conserved  and  the  sum  on  j below  is  reduced  to  a single 
7 

term.  ) Even  though  this  damping  mechanism  is  not  often  the  actual  dominant 
mechanism,  we  follow  the  standard  practice  of  using  it  in  order  to  illustrate  how 
including  the  damping  reservoir  resolves  the  commutator  difficulty  and  gives  re- 
laxation to  thermal  equilibrium.  The  reservoir  is  taken  as  a set  of  Bosons,  say 
phonons  to  be  concrete,  with  creation  and  annihilation  operators  at  and  a-  Then 
the  Hamiltonian  for  the  interaction  with  the  reservoir  is 


K.  = E h a,  at  + c c 
i i J i J 
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where  cc  demotes  hermitian  conjugate.  The  Heisenberg  equation  of  motion  of  af , 
with  this  interaction  included,  is  (2, 1)  with  -^raj  replaced  by  C'af  s -i?  0, a.. 

By  writing  the  Heisenberg  equations  of  motion  of  a^  and  at  as  integral  equations 
which  are  substituted  into  G'af , taking  the  Laplace  transform  of  G'a^,  using  the 
approximation  [s  - i (cof  - tOj)]"1  ^ - cOj ) + i6*(cof  - Wj ) ' (since  the  pole 

of  interest  is  near  s - 0 in  the  perturbation -theory  limit  with  9 denoting  the 
principal  part  and  s the  transform  variable,  and  inverting  the  transform  gives 

°'afs  « 4raf+Gaf  <4-16) 

J J 1 

where 

- i co.  t 

Gaf  = Oja.(0)  e J 

is  the  noise  source  and 

T = 2ttL  |fi.|2  6 ( 03.  - 03.) 

j J J t 

is  the  golden-rule  result  for  the  relaxation  frequency.  The  real  parts  of  the  fre- 
quency shifts  arising  from  9 are  ignored  for  simplicity. 

The  equations  of  motion  for  the  n’s  and  F can  be  obtained  directly  from  the 
Heisenberg  equations  or  from  the  equations  for  the  a’s,  with  -^Ta^  replaced  by 

the  right-hand  side  of  (4. 16).  In  either  case,  using  ( ( t )) 

t - 9c 

= <-7)  ft.  a.(0)  a,  (t)  e • + c c ) — T n,  , which  is  not  difficult  to  derive, 
j J .1  1 1 

gives 

dnf/dt  = F - T(nf  - nf  ) + gnf(t)  (4.17) 

where 

- Gnf">  - <Gnf<'» 
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and  similar  equations  for  ng,  n^,  and  F.  Taking  the  averages  over  the  reservoir 
(the  Dhonon-bath  mode)  of  all  terms  in  (4.22)  and  using  (g^  ) = (Gnj  ) - (Gnj  ) = 0 
gives 

d(nf) 

— = <F>  - T(<nf)  - nf  ) (4.18) 

d t 1 r 

and  similar  equations  of  (ng),  (n^),  and  (F).  Thus,  (2.4)-(2.7)  with  the  n^  term 
added  as  above  are  valid  when  the  operators  n^,  etc.  are  interpreted  as  averages 
over  the  reservoir.  Recall  that  n^  is  the  thermal  equilibrium  value  of  n^  , that  is 
the  average  over  the  complete  ensemble,  while  (n^)  is  the  average  over  the  reser- 
voir only  ( phonons  in  thermal  equilibrium).  Notice  that  in  the  absence  of  the  source, 
(a^)  relaxes  to  zero  while  (a|  af)  relaxes  to  the  thermal  equilibrium  value  n^  . 

The  following  physical  description  of  the  damping  and  noise  term  is  useful  in 
visualizing  these  effects  even  though  the  explanation  is  oversimplified.  The  energy 
flow  from  the  f phonons  to  the  phonons  in  the  bath  is  not  a smooth  function  of  time. 
For  example,  if  the  energy  transfer  is  visualized  as  the  interchange  of  quanta  of 
energy  between  the  f phonons  and  the  bath,  then  in  the  ame  interval  0 -lj , there 
may  be  10  net  quanta  of  energy  entering  the  bath.  In  the  interval  tj  to  2t^  there 
may  be  8,  in  the  interval  2tj  to  3 tj  there  may  be  12,  and  so  forth.  The  aver- 
age value  of,  say,  10  quanta  per  time  tj  corresponds  to  I\  and  the  fluctuations  of, 
say,  2 quanta  per  time  tj  corresponds  to  the  noise  term  that  averages  to  zero. 

There  are  also  fluctuations  in  the  energy  flow  F from  the  laser  photons  L to  the 
Stokes  photons  S and  phonons  f since  F depends  on  the  fluctuating  amplitude  of 
the  f modes. 
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This  visualization  explains  why  it  is  not  rigorously  correct  to  set  the  various 
time  derivatives  equal  to  zero  in  the  ’’steady  state."  That  is,  the  fluctuations  are 
still  present  when  average  values  have  reached  constant  values.  Since  the  interest 
here  is  in  the  average  values  rather  than  the  fluctuations,  the  time  derivatives  can 
be  set  equal  to  zero,  or,  mathematically,  the  reservoir  averages  can  be  used  in 
order  to  eliminate  the  fluctuation  terms. 

Consider  the  purely  quantum  mechanical  effects  in  the  Raman-scattering  prob- 
lem. When  the  mode  amplitudes  in  (2.  l)-(2.  3)  are  operators  with  the  usual  com- 
mutation relation  [aj,  at]  = 1,  the  factors  n^  + ng  in  (2.7),  (2.9),  and  (2. 10)  are 
replaced  by  nf  + ng  + 1 . Replacing  T n^  by  T(n^  - n^)  formally  in  the  relaxation 
terms  in  (2.4)  and  (2. 10)  gives  a relaxation  of  to  its  thermal  equilibrium  value 
n^.  The  complete  expression  T(n^  - n^  ) is  of  course  obtained  in  standard  quantum 

Q 7 

mechanical  calculations  of  relaxation.  * With  these  two  additions,  (2. 11)  and  (2. 12) 
become 


nf  = 


nf  + *nL/nR^nS  + 
1 ' nL/nR 


(4.  19) 


n„  = (n,  + 1 )[exp(fl  x)  - 1 1 + nc(0)  exp  |3  x 
S ' f pvrgnew  ' 1 S'  ' K 'gnew 


gnew 


(4.201 


Thus,  comparison  of  (4.20)  with  (2. 12)  shows  that  the  quantum- mechanical  effect 
is  that  the  zero-point  oscillation  is  amplified  (exp  0gnew  x - 1 term),  and  the 
effect  of  including  is  that  the  term  n^  (exp  6gnewx  - 1 ) accounts  for  "amplifi- 
cation of  the  thermal  equilibrium  value  of  n^." 

Finally,  consider  the  physical  explanation  of  the  result  that  the  loss  of  phase 
information  in  ut,  .g  the  golden  rule  does  not  affect  the  final  result  in  view  of  the 
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fact  that  the  phases  are  important  in  some  sense.  Specifically,  a parametric 
process  which  increases  the  amplitude  of  a given  phase  will  decrease  the  ampli- 
tude of  a mode  that  is  V radians  out  of  phase  with  the  increasing  mode.  The 
reason  that  the  loss  of  phase  information  in  using  occupation  numbers  is  not  im- 
portant in  the  final  result  is  that  the  modes  in  the  original  thermal  distribution 
that  have  the  correct  phase  are  the  ones  that  are  amplified.  A similar  situation 
exists  in  the  simple  Case  of  a classical  harmonic  oscillator  responding  to  an 
applied  harmonic  force.  The  phase  of  the  oscillator  is  important  since  it  deter- 
mines whether  energy  is  extracted  from  or  delivered  to  the  driving  force.  This 
does  not  imply  that  energy-conservation  arguments,  which  suffer  from  an  anal- 
ogous loss  of  phase  information,  are  not  valid.  It  should  be  mentioned  that  wave 
vector  and  frequency  phase  matching  are  included  in  the  occupation  number  ap- 
proach. Wave  vector  phase  matching  arises  from  Kronecker  deltas  in  sums  over 
wave  vectors,  and  frequency  phase  matching  arises  from  the  energy-conserving 
delta  function.  The  present  calculation  settles  the  question  of  the  importance  of 
phases  in  obtaining  the  enhancement  by  showing  explicitly  that  the  phases  are 
unimportant  in  the  result. 
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